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Introduction:  

A Euclidean domain R in which 𝑎, 𝑏 &𝑚 ≠ 0, the division algorithm can be rephrased as  
𝑎𝑥 ≡ 𝑏 𝑚𝑜𝑑 𝑚 holds for every 𝑥 ∈ 𝐸 whenever 𝑔𝑐𝑑(𝑎, 𝑚) = 𝑝|𝑏 for some p in E.  
extending the role of x to more variables, this will become a Diophantine equation 
whose solutions can be one or more depending on the greatest common divisor ‘gcd’ of 
a and b. this is summarized in the theorem following. As the method of augmented 
matrix to solve a system of non-homogeneous linear equations, in the case of system of 
Diophantine equations also, the augmented matrix model under the Gauss elimination 
technique has been introduced. The three variable Diophantine equations or the system 
of linear congruences are solved and a generalization has been brought out to a finite 
number of variables or in particular n variables.  
Abstract: Euclidean algorithm and Division algorithm are used to bring out a solution 
for the linear congruence and the necessary and sufficient condition for a congruence 
relation to possess a solution is extended to the system of congruences and unlike 
Chinese reminder theorem, those followed the Gauss elimination method and the 
conditions for possessing the solutions for the linear system have been explored.  
 
Discussion 1:  
Definition: A system of n congruence relations in n variables all are congruent modulo 
m is said to be consistent if they have at least one solution set.  
 
Theorem: a linear Diophantine equation 𝑎𝑥 + 𝑏𝑦 = 𝑐 has a solution if and only if d |c 
where d = gcd (a, b).                     …… 1.1 
That is, if 𝑥0,  𝑦0 are integers or forming a solution to the Diophantine equation, then all 

other solutions are 𝑥 = 𝑥0 + (
𝑏

𝑑
) 𝑡; 𝑦 = 𝑦0 − (

𝑎

𝑑
)𝑡 for some integer t.   

𝑑 = gcd(𝑎, 𝑏) ⟹ 𝑎 = 𝑑𝑝, 𝑏 = 𝑑𝑞, 𝑝, 𝑞𝜖ℤ  
𝑎𝑥0 + 𝑏 𝑦0 = 𝑐 ⟹ 𝑑(𝑝𝑥0 + 𝑑𝑞 𝑦0) = 𝑐 ⟹ 𝑑|𝑐              …… 1.2 
 
The linear Diophantine equation 𝑎𝑥 + 𝑏𝑦 = 𝑐 has a solution if and only if gcd(𝑎, 𝑏) =
𝑑 |𝑐.  If 𝑥0, 𝑦0 is one solution of this equation, then all other solutions are of the form 𝑥 =

𝑥0 + (
𝑏

𝑑
) 𝑡; 𝑦 = 𝑦0 + (

𝑎

𝑑
) 𝑡 for an arbitrary integer t. 

To get the 1st solution of the Diophantine equation, let us apply the Euclidean algorithm 
and find p and q such that 𝑑 = 𝑎𝑝 + 𝑏𝑞 where p and q bear the opposite signs. Since d 
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divides c, suppose
𝑐

𝑑
= 𝑘, then it can explicitly be written as 𝑑𝑘 = 𝑎𝑘𝑝 + 𝑏𝑘𝑞 or 𝑐 =

𝑎𝑥0 + 𝑏𝑦0 solves the Diophantine equation.            …… 1.3 
 
Euclidean algorithm & Division algorithm: if a and b are elements in a Euclidean ring R, 
then there exists two elements q and r in R and gcd (a, b) = d such that 𝑑 = 𝑎𝑥 + 𝑏𝑦 for 
some elements x and y in R obtained through a sequence of division algorithms 
applications between a and b in which the last non zero residue is d.  
𝑎 = 𝑏𝑞1 + 𝑟1, either 𝑟1 = 0 or 𝑑(𝑟1) < 𝑑(𝑏) and 𝑞1, 𝑟1𝜖 R 
But, 𝑟1 ≠ 0 ⟹ 
𝑏 = 𝑟1𝑞2 + 𝑟2 and 𝑞2, 𝑟2𝜖 R, 𝑟2 ≠ 0 ⟹ 
𝑟1 = 𝑟2𝑞3 + 𝑟3 and 𝑞3, 𝑟3𝜖R, 𝑟3 ≠ 0 ⟹ 
… … … … … …  
𝑟𝑛−3 = 𝑟𝑛−2𝑞𝑛−1 + 𝑟𝑛−1 and 𝑞3, 𝑟3𝜖R, 𝑟𝑛−1 ≠ 0 ⟹ 
𝑟𝑛−2 = 𝑟𝑛−1𝑞𝑛 + 𝑟𝑛, and 𝑞𝑛, 𝑟𝑛𝜖R, 𝑟𝑛 ≠ 0 ⟹ 
𝑟𝑛−1 = 𝑟𝑛𝑞𝑛+1 + 𝑟𝑛+1 where 𝑟𝑛+1 = 0 and  𝑞𝑛+1, 𝑟𝑛+1𝜖 R 
While𝑟𝑛+1 = 0, it follows 𝑟𝑛 is the last non zero remainder in the division algorithm 
procedure exists in R which is the greatest common divisor of a and b.  
Going backwards to the above procedure as  
𝑑 = 𝑟𝑛 = 𝑟𝑛−2 − 𝑟𝑛−1𝑞𝑛  
             =𝑟𝑛−2(1 + 𝑞𝑛−1𝑞𝑛) − 𝑟𝑛−3𝑞𝑛 
             =(𝑟𝑛−4 − 𝑟𝑛−3𝑞𝑛−2)(1 + 𝑞𝑛−1𝑞𝑛) − 𝑟𝑛−3𝑞𝑛 
              = (1 + 𝑞𝑛−1𝑞𝑛)𝑟𝑛−4 − (𝑞𝑛−2 + 𝑞𝑛−2𝑞𝑛−1𝑞𝑛 + 𝑞𝑛)𝑟𝑛−3  
                     … … … … …  
             = 𝐾1𝑏 − 𝐾2𝑎 where 𝐾1&𝐾2𝜖𝑅 in view of (1.3). 
𝐾𝑑 = (𝐾𝐾1)𝑎 + (−𝐾𝐾2)𝑏  or 𝑎𝑥 + 𝑏𝑦 = 𝑐 forming the Diophantine equation.  
So, a Diophantine equation 𝑎𝑥 + 𝑏𝑦 = 𝑐 has a solution when 𝑐 = 𝐾𝑑 for some integer K.  
Once the Diophantine equation is established, then it can otherwise be written in the 
form 𝑎𝑥 − 𝑐 = 𝑏(−𝑦) or |𝑎𝑥 − 𝑐 .  
See that y already bears a negative sign in the above procedure and so,  −𝑦 = 𝑠 a 
positive integer. This division leads to the definition (1.18).  
So, a linear congruence 𝑎𝑥 ≡ 𝑐 𝑚𝑜𝑑 𝑏 if and only if the Diophantine equation 𝑎𝑥 + 𝑏𝑦 =
𝑐 has a solution.   
In particular, if gcd(𝑎, 𝑏) = 𝑛|𝑐, then there will be 𝑛 incongruent solutions modulo.   

They are 𝑥0, 𝑥0 +
𝑏

𝑛
, 𝑥0 +

2𝑏

𝑛
, … , 𝑥0 +

(𝑛−1)𝑏

𝑛
 forming the reduced residue system.  

                                             ……  1.4 
Note that if gcd(𝑎, 𝑏) = 1 then there is a unique solution to 𝑎𝑥 ≡ 𝑐 𝑚𝑜𝑑 𝑏 leading to 
𝑎𝑥 ≡ 1𝑚𝑜𝑑 𝑏 has the solution called the inverse of  𝑎 𝑚𝑜𝑑 𝑏.                             …… 1.5 
 
Theorem: the system of linear congruences  
𝑎𝑥 + 𝑏𝑦 ≡ 𝑟 𝑚𝑜𝑑 𝑛  
𝑐𝑥 + 𝑑𝑦 ≡ 𝑠 𝑚𝑜𝑑 𝑛 has unique solution 𝑚𝑜𝑑𝑢𝑙𝑜 𝑛 whenever gcd(𝑎𝑑 − 𝑏𝑐, 𝑛) = 1……1.6 
 
 A linear Diophantine equation leads to the linear congruence.  
For a suitable element 𝑥𝜖R, if 𝑚|𝑎𝑥 − 𝑏 for some 𝑎, 𝑏 & 𝑚 ≠ 0 in R, then we say that the 
linear congruence 𝑎𝑥 ≡ 𝑏 𝑚𝑜𝑑 𝑚 has the solution 𝑥𝜖R (the Euclidean ring of integers) 
 
Elimination method of solving the system of linear congruences a Gauss perspective:  
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𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 ≡ 𝑏1𝑚𝑜𝑑 𝑚                                   …… 1.6.1 
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 ≡ 𝑏2𝑚𝑜𝑑 𝑚                                   …… 1.6.2 
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 ≡ 𝑏3𝑚𝑜𝑑 𝑚                                   …… 1.6.3 
 
To satisfy the basic condition of a congruence relation to possess a solution in each of 
the above three relations,  
gcd(𝑎11, 𝑎12, 𝑎13, 𝑚) |𝑏1; gcd(𝑎21, 𝑎22, 𝑎23, 𝑚)|𝑏2; gcd(𝑎31, 𝑎32, 𝑎33, 𝑚) |𝑏3 simultaneously. 
Then it may be continued in the following lines.  
(𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3)𝑎23 ≡ 𝑏1𝑎23𝑚𝑜𝑑 𝑚    
(𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3)𝑎13 ≡ 𝑏2𝑎13𝑚𝑜𝑑 𝑚    
 These equations give  
𝑎11𝑎23−𝑎21𝑎13 = 𝑐11 ; 𝑎12𝑎23 − 𝑎13𝑎22 = 𝑐12;  𝑑1 such that  
𝑐11𝑥1 + 𝑐12𝑥2 ≡ 𝑑1𝑚𝑜𝑑 𝑚                        …… 1.6.4 
 Similarly,  
(𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3)𝑎33 ≡ 𝑏1𝑎33𝑚𝑜𝑑 𝑚                    …… 1.6.5 
(𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3)𝑎13 ≡ 𝑏3𝑎13𝑚𝑜𝑑 𝑚                              …… 1.6.6 
From these, taking  
𝑎11𝑎33−𝑎31𝑎13 = 𝑐21 ; 𝑎12𝑎33 − 𝑎13𝑎32 = 𝑐22;  𝑏1𝑎33−𝑏3𝑎13 = 𝑑2 leading to  
𝑐21𝑥1 + 𝑐22𝑥2 ≡ 𝑑2𝑚𝑜𝑑 𝑚                      …… 1.6.7 
 Further, to isolate𝑥2,  
(𝑐11𝑥1 + 𝑐12𝑥2)𝑐22 ≡ 𝑑1𝑐22𝑚𝑜𝑑 𝑚                       …… 1.6.8 
(𝑐21𝑥1 + 𝑐22𝑥2)𝑐12 ≡ 𝑑2𝑐12𝑚𝑜𝑑 𝑚                                 …… 1.6.9 
From these, putting 𝑐11𝑐22 − 𝑐21𝑐12 = 𝑒1; 𝑑1𝑐22 − 𝑑2𝑐12 = 𝑓1  
𝑒1𝑥1 ≡ 𝑓1𝑚𝑜𝑑 𝑚                  ……1.6.10 
Observe that 
𝑒1 = (𝑎11𝑎23−𝑎21𝑎13)(𝑎12𝑎33 − 𝑎13𝑎32) − (𝑎11𝑎33−𝑎31𝑎13)(𝑎12𝑎23 − 𝑎13𝑎22) ≠ 0  and  𝑓1 = (𝑎12𝑎33 −
𝑎13𝑎32)(𝑏1𝑎23−𝑏2𝑎13) − (𝑎12𝑎23 − 𝑎13𝑎22)(𝑏1𝑎33−𝑏3𝑎13)  

This congruence relation (1.6.10) has a solution if and only if  
gcd(𝑒1, 𝑚) = 𝑔1  and  𝑔1|𝑓1 by (1.3).  

𝑥1
(1)

= 𝑥1 is one solution obtained as in theorem (1.3), then 𝑥1
(2)

= 𝑥1
(1)

+
𝑚

𝑔1
;  

𝑥1
(3)

= 𝑥1
′ +

2𝑚

𝑔1
; …,…, 𝑥1

(𝑔1−1)
= 𝑥1

(1)
+

(𝑔1−1)𝑚

𝑔1
 is the set of other solutions of (1.6.10) 

forming the reduced residue system modulo m or (1.5) holds.  
                                                                                                                                                     …… 1.6.11 
(1.6.4) and (1.6.7) now become ℎ1𝑖𝑥2 ≡ 𝑗1𝑖  𝑚𝑜𝑑 𝑚, 1 ≤ 𝑖 ≤ 𝑔1 − 1          …… 1.6.12 

These 𝑔1 − 1 congruence relations have solutions 𝑥2𝑖
(1)

= 𝑥2 if and only if 𝑔2𝑖 =

gcd (ℎ1𝑖 , 𝑚)|𝑗1𝑖 , 1 ≤ 𝑖 ≤ 𝑔1 − 1      
Another set of reduced residue system modulo m for each 1 ≤ 𝑖 ≤ 𝑔1 − 1     that satisfy 

(1.6.12) is 𝑥2𝑘
(2)

= 𝑥2𝑘
(1)

+
2𝑚

𝑔2𝑖
; …,…; 𝑥2𝑘

(𝑔2𝑖−1)
= 𝑥2𝑘

(1)
+

(𝑔2𝑖−1)𝑚

𝑔2𝑖
  whenever  𝑥2𝑘

(1)
  is one 

solution, 1 ≤ 𝑘 ≤ 𝑔2𝑖 − 1                       …… 1.6.13 
(1.6.11) and (1.6.13) jointly allow  (𝑔2𝑖 − 1)(𝑔1 − 1) linear congruences of the 
form  𝑟1𝑡𝑥3 ≡ 𝑠1𝑡 𝑚𝑜𝑑 𝑚; 1 ≤ 𝑡 ≤ (𝑔2𝑖 − 1)(𝑔1 − 1); 1 ≤ 𝑖 ≤ 𝑔1 − 1                    …… 1.6.14 
This linear congruence has a solution if and only if 𝑔3𝑢 = gcd(𝑟1𝑡 , 𝑚) |𝑠1𝑡  ;  
1 ≤ 𝑡 ≤ (𝑔2𝑖 − 1)(𝑔1 − 1); 1 ≤ 𝑖 ≤ 𝑔1 − 1  
The incongruent solutions (1.6.11) and (1.6.14) exist only in the case of  

|

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

| = 0  and otherwise there is the unique solution suitable from the 

available incongruent solutions.  
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5𝑥 + 8𝑦 + 12𝑧 ≡ 1 𝑚𝑜𝑑 14  
9𝑥 + 3𝑦 + 11𝑧 ≡ 9 𝑚𝑜𝑑 14  
6𝑥 + 12𝑦 + 13𝑧 ≡ 9 𝑚𝑜𝑑 14                                …… 1.6.15 
This system can immediately be reduced to  
3𝑥 + 10𝑦 ≡ 1 𝑚𝑜𝑑 14  
9𝑥 + 5𝑦 ≡ 4 𝑚𝑜𝑑 14  
This results in 11𝑦 ≡ 13 𝑚𝑜𝑑 14 whose unique solution is 𝑦 = 5 
On substitution, another relation 3𝑥 ≡ 7 𝑚𝑜𝑑 14 results in 𝑥 = 7 
Using these in any of the given relations, it follows 12𝑧 ≡ 10 𝑚𝑜𝑑 14 which has its first 
solution  𝑧 = 2  and the incongruent solution 𝑧 = 9  
But, the determinant of the coefficient matrix is not zero leading to a unique solution. 
This is satisfied by 𝑥 = 7; 𝑦 = 5; 𝑧 = 9 as the unique solution. 
 
2. Augmented matrix method to solve the linear system of Congruences in Gauss 
perspective:   
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 ≡ 𝑏1𝑚𝑜𝑑 𝑚                                                     …… 2.1 
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 ≡ 𝑏2𝑚𝑜𝑑 𝑚                                       …… 2.2 
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 ≡ 𝑏3𝑚𝑜𝑑 𝑚                                       …… 2.3 

⟨

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

|

𝑏1

𝑏2

𝑏3

⟩ ≡ 𝟎 𝑚𝑜𝑑 𝑚  

𝑎11𝑅2 − 𝑎21𝑅1

𝑎11𝑅3 − 𝑎31𝑅1
) ≈  

⟨

𝑎11 𝑎12 𝑎13

𝑎11𝑎21 − 𝑎21𝑎11 𝑎11𝑎22 − 𝑎21𝑎12 𝑎11𝑎23 − 𝑎21𝑎13

𝑎11𝑎31 − 𝑎31𝑎11 𝑎11𝑎32 − 𝑎31𝑎12 𝑎11𝑎33 − 𝑎31𝑎13

|

𝑏1

𝑎11𝑏2 − 𝑎21𝑏1

𝑎11𝑏3 − 𝑎31𝑏1

⟩  

≡ 𝟎 𝑚𝑜𝑑 𝑚  

≈ ⟨

𝑎11 𝑎12 𝑎13

0 𝑐22 𝑐23

0 𝑐32 𝑐33

|

𝑏1

𝑑2

𝑑3

⟩ ≡ 𝟎 𝑚𝑜𝑑 𝑚   [3] 

              where  𝑐22 = 𝑎11𝑎22 − 𝑎21𝑎12; 𝑐23 = 𝑎11𝑎23 − 𝑎21𝑎13; 𝑐32 = 𝑎11𝑎32 − 𝑎31𝑎12 
  𝑐33 = 𝑎11𝑎33 − 𝑎31𝑎13; 𝑑2 = 𝑎11𝑏2 − 𝑎21𝑏1;  𝑑3 = 𝑎11𝑏3 − 𝑎31𝑏1 
 Again performing 𝑐22𝑅3 − 𝑐32𝑅2) ≈ 

≈ ⟨

𝑎11 𝑎12 𝑎13

0 𝑐22 𝑐23

0 0 𝑒33

|

𝑏1

𝑑2

𝑓3

⟩ ≡ 𝟎 𝑚𝑜𝑑 𝑚  where 𝑒33 = 𝑐22𝑐33 − 𝑐32𝑐23 and  

𝑓3 = 𝑐22𝑑3 − 𝑐32𝑑2                                          …… 2.4 
   The given system of linear congruences has unique solution provided  
gcd(𝑒33, 𝑚) |𝑓3 . Otherwise, the congruence system is inconsistent.  
On the other hand, if 𝑒33 = 0 & 𝑓3 = 𝑘𝑚 for some integer k, then the system has 
incongruent solutions.  
If  𝑒33 ≠ 0, 𝑚 ⫮ 𝑒33 & 𝑓3 = 0, then 𝑧1 = k ∈  ℤ;  are the infinitely many solutions 

𝑧 = 𝑧1 +
𝑟𝑓3

gcd(𝑒33,𝑚)
                                                                   ……2.5 

 and 𝑐22𝑦 ≡ (𝑑2 − 𝑐23𝑘)𝑚𝑜𝑑 𝑚                                                     …… 2.6 
             This again has the solution provided gcd(𝑐22, 𝑚) |𝑑2 − 𝑐23𝑘𝑚 
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Otherwise, the congruence system is inconsistent.  
If  gcd(𝑐22, 𝑚) > 1, then there will be gcd(𝑐22, 𝑚) number of incongruent solutions 𝑦 =

𝑦1 +
𝑛𝑑2

gcd(𝑐22,𝑚)
 ,1 ≤ 𝑛 ≤ gcd(𝑐22, 𝑚) for (2.6.)                                                  ...… 2.7 

Using (2.5) and (2.7) in (2.1), it gives  

 𝑎11𝑥 ≡ (𝑏1 − 𝑎12 [𝑦1 +
𝑛𝑑2

gcd(𝑐22,𝑚)
] − 𝑎13 [𝑧1 +

𝑟𝑓3

gcd(𝑒33,𝑚)
]) 𝑚𝑜𝑑 𝑚                                 …… 2.8 

This congruence has a solution if and only if  

gcd(𝑎11, 𝑚) |(𝑏1 − 𝑎12 [𝑦1 +
𝑛𝑑2

gcd(𝑐22,𝑚)
] − 𝑎13 [𝑧1 +

𝑟𝑓3

gcd(𝑒33,𝑚)
])  

If  gcd(𝑎11, 𝑚) = 1, then (1.6.5) has unique solution 𝑥1. 

If gcd(𝑎11, 𝑚) > 1, there will be 𝑥 = 𝑥1 +
𝑡𝑏1

gcd(𝑎11,𝑚)
; 1 ≤ 𝑡 ≤ gcd (𝑎11, 𝑚) 

                                        …… 2.9 
Note that  𝑎𝑥 ≡ 𝑏 𝑚𝑜𝑑 𝑝1; 𝑎𝑥 ≡ 𝑏 𝑚𝑜𝑑 𝑝2  where  𝑝1 and 𝑝2 are relatively prime (1.6), 
then 𝑎𝑥 ≡ 𝑏 𝑚𝑜𝑑 𝑝1𝑝2                                                  …… 2.10 
 
The above results can be extended to n simultaneous congruences.  
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