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Abstract : The stability analysis of Soret-driven double-diffusive Rayleigh–Bénard–Marangoni 

convection in a composite system subjected to uniform and non-uniform salinity gradients with an 

internal heat source is investigated theoretically. The system is bounded by a lower rigid surface and an 

upper free horizontal surface, both of which are adiabatically insulated to temperature and 

concentration. The system is exposed to both uniform and non-uniform salinity gradients. A two-layer 

model is employed to describe the momentum equations for the fluid and porous layers, governed by 

the Navier-Stokes and Darcy equations, respectively. Graphs are plotted using MATHEMATICA to 

examine the effects of various dimensionless parameters, including the solute Rayleigh number, Soret 

number, Darcy number, thermal diffusivity ratio, thermal Marangoni number, solute Marangoni 

number, internal Rayleigh number, thermal depth, solute diffusivity ratio, and the ratio of solute to 

thermal diffusivity, on the onset of double-diffusive Rayleigh–Bénard–Marangoni convection. The 

analysis reveals that the solute Rayleigh number, Soret number, solute diffusivity ratio, and the ratio of 

solute to thermal diffusivity exert a stabilizing influence on the convection onset. In contrast, the Darcy 

number and thermal diffusivity ratio have a destabilizing effect, regardless of the type of salinity 

gradient applied. 

Key words: Double Diffusive Rayleigh - Benard Marangoni Convection, Soret Effect, Salinity 

Gradients, Internal Heat Source. 
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1. Introduction 

Marangoni convection refers to fluid motion driven by surface tension gradients. Even small variations 

in temperature or solute concentration can generate significant convection, as surface tension on a free 

surface is highly sensitive to these parameters. The thermal diffusion process, commonly referred to as 

the Soret effect, arises due to a salinity gradient. A horizontal composite layer system comprising porous 

and fluid layers, with heat and mass transfer occurring across the interface, is relevant to numerous 

natural phenomena and industrial applications. A related scenario involving a liquid layer above a 

porous layer is frequently encountered in environmental and engineering contexts. Examples include 

the water layer of a pond or lake with a muddy bottom, transport processes between soil and water, and 

geothermal systems.The Soret effect, or thermodiffusion, represents the mass flux within a mixture 

induced by a temperature gradient. Although this effect is typically weak, it plays a significant role in 

the analysis of compositional variations in hydrocarbon reservoirs and similar systems. Nield and 

Bejan(1992) devoted a collection of their works in the area of convection in porous media in 

their book. They defined a porous medium as a material consist- ing of a solid matrix with 

an interconnected void. The solid matrix is either rigid or undergoes small deformations. 

The interconnectedness of the void (the pores) allows the flow of one or more fluids through 

the material. Kim et al (1996) the onset of convection when a porous layer underlying a fluid 

layer is heated from be- low has been numerically investigated. In order to validate the interface 

boundary conditions along with the numerical scheme, the present study has focused on the 

critical Rayleigh number and the corresponding number of cells. The results show that the 

number of cells at the critical Rayleigh number is in good agreement with the previous report 

based on the linear stability theory. Bergeon et al(1998) investigated numerically the 

Marangoni convection with Soret effect in a binary mixture.  M. Z. Saghir (1998) numerically 

investigates the interaction between the Marangoni and the double diffusive convection. The 

model consists of a two-cavity rectangu- lar system in which the smaller cavity is located at 

the top left corner of the larger one. Finite element modelling results indicate that salinity 

induces stronger convec- tion than the thermal ones.D. Schwabe (1999)the multi-roll-structure 

with convec- tion rolls, all with the same sense of rotation and axes perpendicular to the applied 

temperature gradient appears in thin layers driven by thermocapillarity prior to time dependent 

states. Detailed experimental and numerical results are reported. D.Schwabe (1999) Bénard-

Marangoni-Instability is studied due to surface tension forces in the free oil surface. The layer 

was partly covered with a solid lid from Polycarbonate at the end of the microgravity time an 

instability of the boundary between two convection cells in the container is found. Josef Tanny 

et al (1999) investigate the mixing process of a two-layer stratified fluid in a laterally heated 
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en- closure. Due to the lateral heating of the enclosure, a circulating flow is induced in each 

layer such that the interface separating the layers is simultaneously exposed to destabilizing 

shear and double diffusive convection. The results show that when the flow adjacent to the 

interface is unstable, it is characterized by intense vortices and the mixing time is relatively 

short. Bahloul et al (2003) the Marangoni flows in a horizontal layer of a binary mixture with 

an undeformable free upper surface are studied analytically and numerically. The system is 

heated and cooled by constant heat fluxes. The validity of the analyt- ical model is tested 

against the results obtained by solving numerically the full gov- erning equations. C.G. Jiang 

et al (2004) investigate the convection effect in a verti- cal cavity subject to a lateral heating 

condition based on two-dimensional numerical simulation.. The thermal diffusion process is 

simulated in a vertical porous media combined with natural convection flow. Numerical results 

reveal that the lighter fluid component migrates to the hot side of the cavity, and as the 

permeability increases, the component separation in the thermal diffusion, or Soret effect, 

process increases first, reaches its peak, and then decreases. Adrian Postelnicu (2004) studied 

simultaneous heat and mass transfer by natural convection from a vertical flat plate embedded 

in electrically conducting fluid satu- rated porous medium, using Darcy–Boussinesq model, 

including Soret and Dufour effects. The effects of the governing parameters on the heat and 

mass transfer are studied. Kozak and Saghir(2004) studied Marangoni convection in a liquid 

layer overlying a porous layer taking into consideration evaporation at the free surface. They 

studied different aspect ratios, thickness ratios and temperatures for the pure thermocapillary 

case. For lateral heating case, they found that switching of the flow from the liquid layer into 

the porous layer is due to the ratio of liquid thickness to the porous thickness. M.Z Saghir 

and P.Mahendran (2005) studied Marangoni and gravity driven convec- tion in a liquid layer 

overlying a porous layer. They analyzed the onset of thermal convection for both the bottom 

and lateral heating conditions. For the bottom heat- ing case, they found that when natural 

convection was in the liquid layer, the aspect ratio changed the flow configuration. However, 

when the natural convection was in the porous layer, the aspect ratio had no effect on the flow 

pattern. They also found that large convective motion was present for a low thickness ratio 

and weakens as the thickness ratio increased further. For both bottom and lateral heating cases, 

they found that the liquid layer thickness determines whether the flow is dominant in the liquid 

layer or in the porous layer and in some cases multi-cell formation occurs due to changing of 

the aspect ratio. A comprehensive review of the natural convection due to combined thermal 

and solu- tal driving forces was conducted by Nield and Bejan (1999), Ingham and Pop (2005). 

A system containing two or more components whose concentrations vary from point to point, 
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in such a system, there is a natural tendency for mass to be transferred, minimizing the 

concentration differences within the system and the transport of one constituent, from a region 

of higher concentration to that of a lower concentration. This is called mass transfer. Li Ming-

chun et al (2006) studied thermal-diffusion (Soret) and the diffusion-themo (Dufour) effects. 

The properties of the heat and mass transfers in a strongly endother- mic chemical reaction 

system for a porous medium are numerically studied. Through the theory of the 

thermodynamics of irreversible processes, a coupled mathematical model describing the heat 

and mass transfers in a porous system for the calcination of limestone is formulated. The 

results indicate that when the convectional veloc- ity is lower or when the initial temperature 

of the feeding gas is higher, Soret and Dufour effects can’t be ignored. I.S.Shivakumara et al 

(2006) investigated the on- set of surface-tension-driven convection is studied in a two-layer 

system comprising an incompressible fluid-saturated porous layer over which lies a layer of 

the same fluid. The lower rigid surface of the porous layer is either perfectly heat conducting 

or insulating, while the upper heat insulating fluid boundary is free and at which the surface 

tension effects are allowed for. The effect of variation of different physical parameters on the 

onset of Marangoni convection is investigated in detail. Mansour et al(2008) studied the 

thermosolutal convection developed in a horizon- tal shallow porous layer salted from below 

and subject to a cross flux of heat. They studied the combined effect of thermodiffusion and 

lateral heating on double diffu- sive natural convection in a horizontal porous layer, filled with 

a binary fluid and subjected to uniform fluxes of heat and mass on its long sides. Benoit 

Trouette et al (2012) Solutal driven flow is studied for a binary solution submitted to solvent 

evap- oration at the upper free surface This problem is studied numerically, using several 

assumptions deduced from previous experiments on polymer solutions. The stability of the 

system is investigated as a function of the solutal Rayleigh and Marangoni numbers, the 

evaporative flux and the Schmidt number. Sumithra et al(2020) investigated analytically the 

effect of Soret parameter on double diffusive Marangoni convection in a two-layer system, 

comprising an incompress- ible two component fluid saturated porous layer over which lies a 

layer of the same fluid under micro gravity condition. Sumithra et al(2020) have considered a 

com- posite system to analyze the effect of the Soret parameter on the double-diffusive 

Marangoni convection using the exact method. They have concluded that with the increase in 

the Soret coefficient, the system develops instability. Sumithra et al(2021) studied the effect of 

thermal diffusion on the onset of double-diffusive convection in a composite system. The 

porous layer of the composite system is modeled employ- ing the Darcy–Brinkman–Rayleigh–

Benard model. The boundaries of the composite system are assumed to be rigid-rigid under 
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normal gravitational force. Khalid et al (2022)Rayleigh-Benard convection in rotating 

nanofluids layer with feedback control and double-diffusive coefficients heated from below is 

examined. The system is considered for three types of lower-upper boundary conditions, free- 

free, rigid-free and rigid-rigid. Based on the observation, the effect of increasing the value of 

rotation, feedback control, Dufour parameter and solutal Rayleigh number are observed to 

stabilize the system. Meanwhile, the effect of increasing the value of Soret parameter, 

nanofluids Lewis number, nanoparticles concentration Rayleigh number and modified 

diffusivity ratio are found to destabilize the system. Sumithra et al(2022) investigated the 

physical configuration of the problem of Darcy Brinkman Rayleigh Benard Convection in a 

two-layered system has been investi- gated for linear, parabolic and inverted parabolic salinity 

gradients with the Dufour effect. The regular perturbation methodology has been used to solve 

the governing equations of the composite system with the Boussinesq approximation. Sumithra 

et al(2023) investigated composite system possessing rigid-rigid boundaries, the sig- nificance 

of thermal diffusion on the onset of triple diffusive convection is analyzed. The Darcy–

Brinkman–Rayleigh–Benard model is employed to model the porous me- dia. The present 

investigation is to study the effect of uniform and non-uniform salinity gradients on the onset 

of double-diffusive convection in composite layer under the influence of soret effect and 

internal heat source. 

2. Mathematical Formulation 

Mathematical formulation We consider a homogeneous porous layer of thickness dm 

underlying an incompressible liquid layer of thickness d Cartesian coordinates are used with 

origin at the liquid - porous interface. The z direction is opposite to the gravitational 

acceleration 𝑔⃗. The bottom of the porous layer is a rigid, and the upper surface of the fluid is 

free and the system is adiabatically insulated for heat and mass. The temperature difference of 

fluid layer is 𝑇0 − 𝑇𝑢 and of the porous layer is 𝑇𝑙 − 𝑇0 and that of the total system is 𝑇𝑙 − 𝑇𝑢. 

The concentration difference of fluid layer is 𝐶0 − 𝐶𝑢, of the porous layer is 𝐶𝑙  – 𝐶0. And that 

of the total system is 𝐶𝑙 − 𝐶𝑢. 

Governing Equations 

Under the Boussinesq approximation, the equation of continuity, the equation of fluid, the heat 

equation and the concentration equation and the equation of state are given by 
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For fluid layer,  

Equation of Continuity,  

                                                    𝛻𝑓1 ∙ 𝑞𝑓1⃗⃗⃗⃗⃗⃗⃗ = 0                                             (1) 

Equation of Momentum,    

   𝜌0 [
𝜕𝑞⃗⃗𝑓1

𝜕𝑡
+ (𝑞⃗𝑓1 ∙ 𝛻𝑓1)𝑞⃗𝑓1] = −𝛻𝑓1𝑃𝑓1 + 𝜇𝛻𝑓1

2𝑞⃗𝑓1 − 𝜌𝑓1𝑔𝑘̂                                   (2)  

Equation of Energy, 

              
𝜕𝑇𝑓1

𝜕𝑡
+ (𝑞⃗𝑓1 ∙ 𝛻𝑓1)𝑇𝑓1 = 𝑘𝑇𝑓1∇

2𝑇𝑓1 + 𝑄𝑓1                                         (3) 

Equation of Concentration,  

        
𝜕𝐶𝑓1

𝜕𝑡
+ (𝑞⃗ ∙ 𝛻𝑓1)𝐶𝑓1 = 𝑘𝐶𝑓1𝛻𝑓1

2𝐶𝑓1 + 𝑘𝑇𝑓1𝛻𝑓1
2𝑇𝑓1                                   (4) 

Equation of State,  

                          𝜌𝑓1 = 𝜌0 (1 − 𝛼𝑇𝑓1(𝑇𝑢 − 𝑇0) + 𝛼𝐶𝑓1(𝐶𝑢 − 𝐶0))                                     (5)      

For porous layer,  

Equation of Continuity,  

                         ∇𝑚1 ∙ 𝑞⃗𝑚1 = 0                                                                                          (6) 

Equation of Momentum, 

         𝜌0 [
1

𝜑

𝜕𝑞⃗𝑚1
𝜕𝑡

+
1

𝜑2
(𝑞⃗𝑚1 ∙ ∇𝑚1)𝑞⃗𝑚1] = −∇𝑚1𝑃𝑚1 −

𝜇

𝑘
𝑞⃗𝑚1 − 𝜌𝑚1𝑔𝑘̂              (7) 

Equation of Energy, 

             𝜑
𝜕𝑇𝑚1
𝜕𝑡

+ (𝑞⃗𝑚1 ∙ ∇𝑚1)𝑇𝑚1 = 𝑘𝑇𝑚1∇𝑚1
2𝑇𝑚1 + 𝑄𝑚1                                       (8) 

Equation of concentration, 

𝜑
𝜕𝐶𝑚1
𝜕𝑡

+ (𝑞⃗𝑚1 ∙ ∇𝑚1)𝐶𝑚1 = 𝑘𝐶𝑚1∇
2
𝑚1𝐶𝑚1 + 𝑘𝑇𝑚1∇𝑚1

2𝑇𝑚1                                    (9) 

Equation of State,  

              𝜌𝑚1 = 𝜌0(1 − 𝛼𝑚1(𝑇𝑙 − 𝑇0) + 𝛼𝑚1(𝐶𝑙 − 𝐶0))                                            (10) 

Basic state solution 

The basic state solution of the composite system is obtained for the quiescent flow where 

velocity, temperature, concentration and pressure are functions of z only and is given by, 

For fluid layers,  

𝑞⃗𝑓1 = 0,   𝑃𝑓1 = 𝑃0(𝑧),    𝑇𝑓1 = 𝑇0(𝑧),   𝜌 = 𝜌𝑏(𝑧),    𝐶𝑓1 = 𝐶𝑓1𝑏(𝑧)                             (11) 

For porous layers, 
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{
𝑞⃗𝑚1 = 0,    𝑃𝑚1 = 𝑃𝑚1𝑏(𝑧𝑚1),   𝑇𝑚1 = 𝑇𝑚1𝑏(𝑧𝑚1),     𝜌𝑚1 = 𝜌𝑚1𝑏(𝑧𝑚1)  

  𝐶𝑚1 = 𝐶𝑚1𝑏(𝑧𝑚1) 
}                 (12)  

The temperatures distributions 𝑇𝑏(𝑧) and 𝑇𝑚1𝑏(𝑧𝑚1) are 

                                                   𝑇𝑓1𝑏(𝑧) = −𝑄
(𝑧2−𝑑𝑧)

2𝐾𝑇𝑓1

+ (
(𝑇𝑢−𝑇0)

𝑑
) 𝑧 + 𝑇0                         (13)  

                         𝑇𝑚1𝑏(𝑧𝑚1) =
𝑄𝑚1

2𝐾𝑇𝑚1

[𝑧𝑚1
2 + 𝑑𝑚1𝑧𝑚1] + (

(𝑇0−𝑇1)

𝑑𝑚1
) 𝑧𝑚1 + 𝑇0                       (14)  

The concentration distributions 𝐶𝑏(𝑧) 𝑎𝑛𝑑 𝐶𝑚1𝑏(𝑧𝑚1) are 

                                   𝐶𝑏(𝑧) = 𝐶0 +
(𝐶𝑢 − 𝐶0)𝑧

𝑑
                                                                     (15) 

                                  𝐶𝑚1𝑏(𝑧𝑚1) = 𝐶0 +
(𝐶0 − 𝐶𝑙)𝑧𝑚1

𝑑𝑚1
                                                          (16) 

At interface temperature (𝑇0) 

𝑇0 = (
𝑇𝑢𝑘𝑇𝑓1𝑑𝑚1 + 𝑇𝑙𝑘𝑇𝑚1𝑑

𝑑𝑑𝑚1
) + (

𝑑𝑑𝑚1(𝑄𝑑 + 𝑄𝑚1𝑑𝑚1

2 (𝑑𝑘𝑇𝑚1 + 𝑘𝑇𝑓1𝑑𝑚1)
) 

At interface concentration (C0) 

𝐶0 =
𝐶𝑢𝑘𝐶𝑓1𝑑𝑚1 + 𝐶𝑙𝑘𝐶𝑚1𝑑

𝑘𝐶𝑚1𝑑 + 𝑘𝐶𝑓1𝑑𝑚1
 

3. Linear Stability Analysis 

Perturbed state 

In order to investigate the stability of the basic solution, we superpose perturbations on the 

system in the form. 

for fluid layers, 

                 𝑞⃗⃗ ⃗𝑓1 = 0 + 𝑞′⃗⃗⃗⃗ 𝑓1,   𝑃𝑓1 = 𝑃𝑓1𝑏(𝑧) + 𝑃
′                                                                      (17) 

            𝑇𝑓1 = 𝑇𝑓1𝑏(𝑧) + 𝜃𝑓1,     𝐶𝑓1 = 𝐶𝑓1𝑏(𝑧) + ∅                                                               (18) 

For porous layers,  

               𝑞⃗⃗⃗⃗⃗𝑚1 = 0 + 𝑞′⃗⃗⃗⃗ 𝑚1𝑏,    𝑃𝑚1 = 𝑃𝑚1𝑏(𝑧𝑚1) + 𝑃𝑚1
′                                                (19) 

                           𝐶𝑚1 = 𝐶𝑚1𝑏(𝑧𝑚1) + ∅𝑚1, 𝑇𝑚1 = 𝑇𝑚1𝑏(𝑧𝑚1) + 𝜃𝑚1                             (20) 

The above equations are substituted in equations (1) to (10) and are linearized in the usual 

manner. By taking curl twice on equations (2) and (7), the pressure term is eliminated and 

only the vertical component is retained. The variables are then non-dimensionalized by 

choosing separate length scales for the two layers so that each layer is of unit depth. Thus we 

obtained non-dimensional linearized equations for momentum, temperature, concentration in 

fluid and porous layers respectively.  
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for fluid layers, 

{
 
 

 
 (𝑢, 𝑣, 𝑤) =

𝑘𝑇
𝑑
(𝑢∗, 𝑣∗, 𝑤∗), 𝜃𝑓1 = (𝑇0 − 𝑇𝑢)𝜃𝑓1

∗,    𝛻𝑓1 =
1

𝑑
𝛻𝑓1

∗

(𝑥, 𝑦, 𝑧) = 𝑑(𝑥∗, 𝑦∗, 𝑧∗),   ∅𝑓1 = (𝐶0 − 𝐶𝑢)∅𝑓1
∗,     𝑡𝑓1 =

𝑑2

𝑘𝑇𝑓1
𝑡𝑓1

∗

}
 
 

 
 

                               (21) 

For porous layers, 

{
 
 

 
 (𝑢𝑚1, 𝑣𝑚1, 𝑤𝑚1) =

𝑘𝑇𝑚1
𝑑𝑚1

(𝑢𝑚1
∗ , 𝑣𝑚1

∗ , 𝑤𝑚1
∗ ), 𝜃𝑚1 = (𝑇𝑙 − 𝑇0)𝜃𝑚1

∗ ,    ∇𝑚1=
1

𝑑𝑚1
∇𝑚1
∗

(𝑥𝑚1, 𝑦𝑚1, 𝑧𝑚1) = 𝑑𝑚1(𝑥𝑚1
∗ , 𝑦𝑚1

∗ , 𝑧𝑚1
∗ ), ∅𝑚1 = (𝐶𝑙 − 𝐶0)∅𝑚1

∗ ,   𝑡𝑚1 =
𝑑𝑚1
2

𝑘𝑇𝑚1
𝑡𝑚1
∗

}
 
 

 
 

     (22) 

Substituting (21) and (22) in the above equations for momentum, temperature, concentration 

in fluid and porous layers.  We obtain the following non-dimensionalised equations. 

For fluid layer, 

              
1

𝑃𝑓1𝑟

𝜕(𝛻𝑓1
2𝑤)

𝜕𝑡𝑓1
= 𝛻𝑓1

4𝑤 + 𝛻𝑓12
2𝜃𝑓1 𝑅𝑎𝑇𝑓1 − 𝛻𝑓12

2∅𝑓1𝑅𝑎𝑆                                          (23) 

                                                   
𝜕𝜃𝑓1
𝜕𝑡𝑓1

−𝑤 = 𝛻𝑓1
2𝜃𝑓1 + 𝑅𝐼(2𝑧 − 1)𝑤                                        (24) 

                      
𝜕∅𝑓1
𝜕𝑡𝑓1

−𝑤 = 𝜏𝛻𝑓1
2∅𝑓1 + 𝑆𝑟𝛻𝑓1

2𝜃𝑓1                                                                         (25) 

For porous layer, 

                                
𝐷𝑎

𝑃𝑟𝑚1

𝜕(∇𝑚1
2 𝑤𝑚1)

𝜕𝑡
= −∇𝑚1

4 𝑤𝑚1 + ∇2
2𝜃𝑚1𝑅𝑎𝑇𝑚1 − ∇2

2∅𝑚1𝑅𝑎𝑆𝑚1             (26) 

                                             𝐴
𝜕𝜃𝑚1
𝜕𝑡𝑚1

−𝑤𝑚1 = ∇𝑚1
2 𝜃𝑚1 + 𝑅𝐼𝑚1(2𝑧𝑚1 − 1)𝑤𝑚1                        (27) 

                                         ∅
𝜕∅𝑚1
𝜕𝑡𝑚1

−𝑤𝑚1 = 𝜏𝑚1∇𝑚1
2 ∅𝑚1 + 𝑆𝑟𝑚1∇𝑚1

2 𝜃𝑚1                                (28) 

Where,  

𝑃𝑟𝑓1 =
𝜇

𝜌0𝑘𝑇𝑓1
  is the Prandtl number in fluid layer. 

𝑅𝑎𝑇𝑓1 =
𝜌0𝑑

3𝑔𝛼𝑇𝑓1
(𝑇0−𝑇𝑢)

𝜇𝑘𝑇𝑓1
  is Rayleigh number in fluid layer. 

𝑅𝑎𝑆 =
𝜌0𝑑

3𝑔𝛼𝐶(𝐶0−𝐶𝑢)

𝜇𝑘𝑇𝑓1
  is solute Rayleigh number in fluid layer. 

𝑆𝑟 =
𝜏(𝑇0−𝑇𝑢)

(𝐶0−𝐶𝑢)
 is soret number in fluid layer. 

𝜏𝑓1 =
𝑘𝐶𝑓1

𝑘𝑇𝑓1
  is the ratio of solute to temperature diffusivity in fluid layer. 
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𝑃𝑟𝑚1 =
𝜇∅𝑚1

𝜌0𝑘𝑇𝑚1
 is the Prandtl number in porous layer. 

𝑅𝑎𝑇𝑚1 =
𝜌0𝑑 𝑔𝛼

′
𝑇(𝑇𝑙−𝑇0)

𝜇𝑘𝑇𝑚1
  is Rayleigh number in porous layer. 

𝑅𝑎𝑆𝑚1 =
𝑘 𝜌0𝑑

3 𝑔𝛼𝐶(𝐶𝑙−𝐶0)

𝜇𝑘𝐶𝑚1
  is solute Rayleigh number in porous layer. 

𝐷𝑎 =
𝑘

𝑑2𝑚1
  is solute Rayleigh number in porous layer. 

𝑆𝑟𝑚1 =
𝑘𝐶𝑚1

𝑘𝑇𝑚1

(𝑇𝑙−𝑇0)

(𝐶𝑙−𝐶0)
  is soret number in porous layer. 

𝜏𝑚1 =
𝑘𝐶𝑚1

𝑘𝑇𝑚1
  is the ratio of solute to temperature diffusivity in porous layer. 

𝑅𝑎𝑇𝑚1 =
𝛼𝑇𝑓1𝑘̂𝑇𝑓1

2

𝑑̂4
 𝐷𝑎 𝑅𝑎𝑇𝑓1   is the Relation between 𝑅𝑎𝑇𝑓1 and 𝑅𝑎𝑇𝑚1  

𝑅𝑎𝑆𝑚1 =
𝛼𝐶𝑓1  𝑘̂𝐶𝑓1

2

𝑑̂4
 𝐷𝑎 𝑅𝑎𝑆 is the Relation between 𝑅𝑎𝑆 and 𝑅𝑎𝑆𝑚1  

Thus the momentum equation in porous layer is transformed in terms of   

𝑅𝑎𝑇𝑓1 − 𝑅𝑎𝑆. 

𝐷𝑎

𝑃𝑟

𝜕∇2𝑤𝑚1
𝜕𝑡

= −∇2𝑤𝑚1 +
𝛼𝑇𝑓1𝑘̂𝑇𝑓1

2

𝑑̂4
 𝐷𝑎(∇2

2𝜃𝑚1)𝑅𝑎𝑇𝑓1 − 
𝛼𝐶𝑓1  𝑘̂𝐶𝑓1

2

𝑑̂4
 𝐷𝑎(∇2

2∅𝑚1)𝑅𝑎𝑆 

The non-dimensionalized equations are subjected to normal mode expansion on the 

dependent variables in the fluid and porous layers as: 

[

𝑤𝑓1
𝜃𝑓1
∅𝑓1

] = [

𝑤𝑓1(𝑧)

𝜃𝑓1(𝑧)

∅𝑓1(𝑧)

]  𝑓(𝑥, 𝑦, 𝑧) 𝑒𝑖(𝑙𝑥+𝑚𝑦)+𝑛𝑡                                                              (29) 

[

𝑤𝑚1
𝜃𝑚1
∅𝑚1

] = [

𝑤𝑚1(𝑧𝑚1)

𝜃𝑚1(𝑧𝑚1)

∅𝑚1(𝑧𝑚1)
1] 𝑓𝑚1(𝑥𝑚1, 𝑦𝑚1, 𝑧𝑚1) 𝑒

𝑖(𝑙𝑚1𝑥+𝑚𝑚1𝑦)+𝑛𝑚1𝑡                      (30) 

with   ∇2
2𝑓 + 𝑎2𝑓 = 0 and ∇2𝑚1

2 𝑓𝑚 + 𝑎𝑚1
2 𝑓𝑚1 = 0 where 𝑎 𝑎𝑛𝑑 𝑎𝑚1 are the wave numbers, 

𝑛 𝑎𝑛𝑑 𝑛𝑚 are the frequencies, 𝑊 𝑎𝑛𝑑 𝑊𝑚1 are the dimensionless vertical velocities in the 

fluid and porous layers respectively.  As the principle of exchange of stability is valid for the 

present problem, the time derivatives are dropped, i.e., 𝑛 = 0 = 𝑛𝑚1. Where 𝑙 𝑎𝑛𝑑 𝑚  are the 

horizontal wave number in the 𝑥 𝑎𝑛𝑑 𝑦 directions respectively.  Substituting equations (29) 

and (30) in equations (23) to (28), we get the following ordinary differential equations: 

 

for fluid layer, 

 (𝐷𝑓1
2 − 𝑎2)𝑤𝑓1(𝑧) = 𝑎

2 (𝑅𝑎𝑇𝑓1𝜃𝑓1 − 𝑅𝑎𝑆∅𝑓1)                                                               (31) 
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(𝐷𝑓1
2 − 𝑎2)𝜃𝑓1(𝑧) + 𝑤𝑓1(𝑧) + (𝑅𝑎𝐼(2𝑧 − 1)𝑤𝑓1(𝑧) = 0                                              (32) 

𝜏𝑓1(𝐷𝑓1
2 − 𝑎2)∅𝑓1(𝑧) + 𝑤(𝑧) + 𝑆𝑟(𝐷𝑓1

2 − 𝑎2)𝜃𝑓1(𝑧) = 0                                            (33) 

 

For porous layer, 

 

(𝐷𝑚1
2 − 𝑎𝑚1

2  )𝑤𝑚1(𝑧𝑚1) = 𝑎𝑚1
2 (𝑅𝑎𝑇𝑚1𝜃𝑚1 − 𝑅𝑎𝑆𝑚1∅𝑚1)                                                    (34) 

(𝐷𝑚1
2 − 𝑎𝑚1

2  )𝜃𝑚1(𝑧𝑚11) + 𝑤𝑚1(𝑧𝑚1) + (𝑅𝑎𝐼𝑚1(2𝑧𝑚1 − 1)𝑤𝑚1(𝑧𝑚1) = 0                     (35) 

𝜏(𝐷𝑚1
2 − 𝑎𝑚1

2  )∅𝑚1(𝑧𝑚1) +𝑊𝑚1(𝑧𝑚1) + 𝑆𝑟𝑚1(𝐷𝑚1
2 − 𝑎𝑚1

2  )𝜃𝑚1(𝑧𝑚1) = 0                    (36) 

Where,  

𝑎  and 𝑎𝑚1  are the non dimensional horizontal wave number, 
𝜕

𝜕𝑧
= 𝐷𝑓1  and     

𝜕

𝜕𝑧𝑚1
= 𝐷𝑚1 , 

𝛷 𝑎𝑛𝑑 𝛷𝑚1 are the concentrations 𝛩 𝑎𝑛𝑑 𝛩𝑚1are the temperature in fluid and porous layers 

respectively.  𝑊𝑓1 𝑎𝑛𝑑 𝑊𝑚1 are dimensionless vertical velocity distribution in fluid and porous 

layers respectively.  Boundary conditions at the fluid and porous layer interface have a great 

effect on the prediction of convection stability in a composite layer.  The interface effect also 

determines the flow pattern, temperature mass distributions and heat transfer rates.  Equations 

(46) to (51) are to be solved subjected to the following appropriate velocity, temperature and 

concentration boundary conditions. 

4. Boundary conditions 

The velocity boundary conditions are: 

At the free surface of the fluid layer, 

𝑊𝑓1(1) = 0 

𝐷𝑓1
2𝑊𝑓1(1) + 𝑀𝑎𝑇𝑓1𝑎

2𝜃(1) + 𝑀𝑎𝑆𝑎
2𝜙(1) = 0 

At the rigid surface of the porous layer, 

𝑊𝑚1(0) = 0 

At interface,  

𝑊𝑓1(0) =
𝑑̂

𝑘̂𝑇𝑓1
𝑊𝑚1(1) 

𝐷𝑓1
2𝑊𝑓1(0) =

𝑑̂3

𝑘̂𝑇𝑓1
𝐷𝑚1
2 𝑊𝑚1(1) 

𝐷𝑓1
3𝑊𝑓1(0) =

𝑑̂4

𝑘̂𝑇𝑓1𝐷𝑎
𝐷𝑚1𝑊𝑚1(1) 

Adiabatic temperature boundary condition: 
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At the top of the fluid layer, 

𝐷𝑓1𝛩𝑓1(1) = 0 

At the bottom of the porous layer, 

𝐷𝑚1𝛩𝑚1(0) = 0 

At interface,  

𝛩𝑓1(0) =
𝑘̂𝑇𝑓1

𝑑̂
𝛩𝑚1(1) 

𝐷𝑓1𝛩𝑓1(0) = 𝐷𝑚1𝛩𝑚1(1) 

Adiabatic concentration boundary condition: 

At the top of the fluid layer 

𝐷𝑓1𝛷(1) = 0 

At the bottom of the porous layer 

𝐷𝑚1𝛷𝑚1(0) = 0 

At interface 

𝛷(0) =
𝑘̂𝐶𝑓1

𝑑̂
𝛷𝑚1(1) 

𝐷𝑓1𝛷(0) = 𝐷𝑚1𝛷𝑚1(1) 

The system comprising of equations (31) to (33) corresponds to the fluid medium and the 

system comprising of equations (34) to (36) corresponds to the porous medium along with the 

boundary conditions, forms an eigenvalue problem with 𝑅𝑎𝑇𝑓1 being the eigenvalue.  Since 

both systems consist of space varying coefficients.  It is no longer possible to obtain a closed 

form solution of the problem.  We therefore use a regular perturbation method to solve the 

eigenvalue problem. 

 

5. Method of solution by Regular Perturbation Technique 

An eigen value problem with 𝑅𝑎𝑇𝑓1as an eigen value that has to be solved for different 

salinity gradients.  The horizontal wavenumber 𝑎 is negligibly small.  Hence, the eigen value 

problem is solved by regular Perturbation technique with wave number 𝑎 as a perturbation 

parameter accordingly, the variables 𝑊,𝛷 𝑎𝑛𝑑 𝛩 expanded in powers of 𝑎2 as,  

(𝑤𝑓1(𝑧), 𝜃𝑓1(𝑧), 𝜙𝑓1(𝑧)) =∑(𝑎𝑓1
2)
𝑖

∞

𝑖=0

(𝑊𝑓1𝑖
(𝑧), 𝛩𝑓1𝑖

(𝑧), 𝛷𝑖(𝑧))                   (37) 

ISSN: 0369-8963

Page 207

Periodico di Mineralogia

https://doi.org/10.5281/zenodo.15115090

Volume 94, No. 2, 2025



(𝑤𝑚1(𝑧𝑚1), 𝜃𝑚1(𝑧𝑚1), 𝜙𝑚1(𝑧𝑚1))

=∑(𝑎𝑚1
2 )𝑖

∞

𝑖=0

(𝑊𝑚1𝑖(𝑧𝑚1), 𝛩𝑚1𝑖(𝑧𝑚1), 𝛷𝑚1𝑖(𝑧𝑚1))      (38) 

Substituting equation (37) and (38) into equation (31) to (36) yields a sequence of equation 

for the unknown functions. 

𝑊𝑖(𝑧),𝑊𝑚1𝑖(𝑧𝑚1), 𝛩𝑖(𝑧), 𝛩𝑚1𝑖(𝑧𝑚1), 𝛷𝑖(𝑧), 𝛷𝑚1𝑖(𝑧𝑚1)  for 𝑖 = 0,1,2,3…… 

The zeroth order equations are: 

𝐷𝑓1
4𝑊0(𝑧) = 0 

𝐷𝑚1
2 𝑊𝑚0(𝑧𝑚1) = 0 

𝐷𝑓1
2𝛩𝑓10

(𝑧) = 0 

𝐷𝑚1
2 𝛩𝑚0(𝑧𝑚1) = 0 

𝐷𝑓1
2𝛷0(𝑧) = 0 

𝐷𝑚1
2 𝛷𝑚0(𝑧𝑚1) = 0 

The corresponding velocity boundary conditions of zeroth order are: 

𝑊0(1) = 0 

𝐷𝑓1
2𝑊0(1) = 0 

𝑊𝑚0(0) = 0 

𝑊0(0) =
𝑑̂

𝑘̂𝑇𝑓1
𝑊𝑚0(1) 

𝐷𝑓1
2𝑊0(0) =

𝑑̂3

𝑘̂𝑇𝑓1
𝐷𝑚1
2 𝑊𝑚0(1) 

𝐷𝑓1
3𝑊0(0) = −

𝑑̂4

𝑘̂𝑇𝑓1
𝐷𝑚1𝑊𝑚0(1) 

The corresponding adiabatic thermal boundary conditions of zeroth order are: 

𝐷𝑓1𝛩𝑓10
(1) = 0 

𝐷𝑚1𝛩𝑚0(1) = 0 

𝛩𝑓10
(0) =

𝑘̂𝑇𝑓1

𝑑̂
𝛩𝑚0(1) 

𝐷𝑓1𝛩𝑓10
(0) = 𝐷𝑚1𝛩𝑚0(0) 

The corresponding adiabatic concentration boundary conditions of zeroth order are: 

𝐷𝑓1𝛷0(1) = 0 

𝐷𝑚1𝛷𝑚0(0) = 0 
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𝛷0(0) =
𝑘̂𝐶𝑓1

𝑑̂
𝛷𝑚0(1) 

𝐷𝑓1𝛷0(0) = 𝐷𝑚1𝛷𝑚0(1) 

The solutions at zeroth order equations are:  

𝑊0(𝑧) = 0 

𝑊𝑚0(𝑧𝑚1) = 0 

𝛩0(𝑧) = 𝑇𝑓1̂ 

𝛩𝑚0(𝑧𝑚1) = 1 

𝛷0(𝑧) = 𝐶𝑓1̂ 

𝛷𝑚0(𝑧𝑚1) = 1 

The equations of first order of 𝑎2 are: 

                   𝐷𝑓1
4𝑊1(𝑧) = 𝑅𝑎𝑇𝑇𝑓1̂ − 𝑅𝑎𝑆𝐶𝑓1̂                                             (39) 

                 𝐷𝑓1𝑚
4 𝑊𝑚1(𝑧𝑚) = −𝑅𝑎𝑇𝑚 + 𝑅𝑎𝑆𝑚                                             (40) 

               𝐷𝑓1
2𝛩1(𝑧) +𝑊1(𝑧) + 𝑅𝐼(2𝑧 − 1)𝑊1(𝑧) = 𝑇𝑓1 ̂                     (41) 

           𝐷𝑚
2 𝛩𝑚1(𝑧𝑚) +𝑊𝑚1(𝑧𝑚) + 𝑅𝐼𝑚(2𝑧𝑚 + 1)𝑊𝑚1(𝑧𝑚) = 1          (42) 

       𝜏 𝐷𝑓1
2𝛷1(𝑧) +𝑊1(𝑧) + 𝑆𝑟𝐷𝑓1

2𝛩1(𝑧) = 𝜏 𝐶𝑓1̂ + 𝑆𝑟𝑇𝑓1̂               (43) 

       𝜏 𝑚𝐷𝑚
2𝛷𝑚1(𝑧𝑚) +𝑊𝑚1(𝑧𝑚) + 𝑆𝑟𝑚𝐷

2
𝑚
2
𝛩𝑚1(𝑧𝑚) = 1                   (44) 

The corresponding velocity boundary conditions of first order of 𝑎2 are: 

𝑊1(1) = 0 

𝐷𝑓1
2𝑊1(1) + 𝑀𝑎𝑇𝑇𝑓1̂ +𝑀𝑎𝑆𝐶𝑓1̂ = 0 

𝑊𝑚1(0) = 0 

𝑊1(0) =
1

𝑘̂𝑇𝑓1𝑑̂
𝑊𝑚(1) 

𝐷𝑓1
2𝑊1(0) =

𝑑̂

𝑘̂𝑇𝑓1
𝐷𝑚
2𝑊𝑚(1) 

𝐷𝑓1
3𝑊1(0) = −

𝑑2̂

𝐷𝑎𝑘̂𝑇𝑓1
𝐷𝑚𝑊𝑚(1) 

The solutions to equations (39) and (40) after applying velocity boundary conditions  we 

obtain, 
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  𝑊1(𝑧)  =  

{
 
 
 
 
 

 
 
 
 
 (𝐴8 + 𝐴10𝑧 + 𝐴2𝑧

2 + 𝐴4𝑧
3 +

𝑇𝑓1̂

24
𝑧4)𝑅𝑎𝑇𝑓1

+(𝐴7 + 𝐴9𝑧 + 𝐴1𝑧
2 + 𝐴3𝑧

3 −
𝐶𝑓1̂
24

𝑧4)𝑅𝑎𝑆 +

(
1

𝑑̂𝑘̂𝑇𝑓1𝐷𝑎
+ 𝐴12𝑧 −

𝑇𝑓1̂
6
𝑧3)𝑀𝑎𝑇

+(
𝐶𝑓1̂

𝑑̂𝑘̂𝑇𝑓1𝑇𝑓1̂𝐷𝑎
+ 𝐴11𝑧 −

𝐶𝑓1̂
6
𝑧3)𝑀𝑎𝑆

}
 
 
 
 
 

 
 
 
 
 

                                     (45) 

 

𝑊𝑚1(𝑧𝑚1) =

{
 
 

 
 (𝐴6𝑧𝑚1 −

𝑇𝑓1
2𝐷𝑎

2
𝑧𝑚1
2 )𝑅𝑎𝑇𝑓1 + (𝐴5𝑧𝑚1 +

𝐶𝑓1̂
2
𝐷𝑎

2
𝑧𝑚1
2 )𝑅𝑎𝑆

+(
1

𝐷𝑎
𝑧𝑚1)𝑀𝑎𝑇𝑓1 + (

𝐶𝑓1̂
𝑇𝑓1𝐷𝑎

𝑧𝑚1)𝑀𝑎𝑆
}
 
 

 
 

       (46) 

 

Where,  

𝐴1 =
𝑘̂𝐶𝑓1
2

2𝑘̂𝑇𝑓1

𝐷𝑎

𝑑̂3
,       𝐴2 = −

𝑘̂𝑇𝑓1
2

𝐷𝑎

𝑑̂3
, 𝐴3 = −(

𝑘̂𝐶𝑓1
12𝑑

+
𝐴1
3
) ,      𝐴4 = −(

𝑘̂𝑇𝑓1
12𝑑

−
𝐴2
3
) 

   𝐴5 = −(
6𝑘̂𝑇𝑓1𝐷𝑎𝐴3

𝑑̂2
−
𝑘̂𝐶𝑓1
2 𝐷𝑎

𝑑̂4
),    𝐴6 = −(

𝑘̂𝑇𝑓1
2 𝐷𝑎

𝑑̂4
−
6𝑘̂𝑇𝑓1𝐷𝑎𝐴4

𝑑̂2
) 

𝐴7 = −(
𝐴5

𝑑̂𝑘̂𝑇𝑓1
+
𝑘̂𝐶𝑓1
2

2𝑘̂𝑇𝑓1

𝐷𝑎

𝑑̂5
),    𝐴8 = (

𝐴6

𝑑̂𝑘̂𝑇𝑓1
−
𝑘̂𝑇𝑓1𝐷𝑎

2𝑑̂5
)   

  
    
𝐴 9 = −𝐴7 − 𝐴1 − 𝐴3 +

𝑘̂𝐶𝑓1

12𝑑̂
,      𝐴10 = −𝐴8 − 𝐴2 − 𝐴4 −

𝑘̂𝑇𝑓1

24𝑑̂
   

6. Compatibility condition 

Compatibility condition is obtained by integrating the temperature  and the concentration 

equations.  Integrating temperature and concentrations equations (41) and (43) between z=0 

and z=1, and multiplying equation (43) and (44) by 
1

𝑑̂2
 and integrate between 𝑧𝑚1 =

0  𝑎𝑛𝑑  𝑧𝑚1 = 1 and adding the resulting equations, we obtain the compatibility condition as, 
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{
 
 
 
 

 
 
 
 
𝑆𝑟

𝜏
(1 − 𝑅𝐼)∫ 𝑊1𝑓(𝑧)𝑑𝑧 +

2𝑅𝐼𝑆𝑟

𝜏
(1 − 𝑅𝐼) ∫ 𝑧𝑊1𝑓(𝑧)𝑑𝑧

1

0

1

0

+
𝑆𝑟𝑚(1 + 𝑅𝐼𝑚)

𝜏𝑚𝑑̂2
∫ 𝑊𝑚1𝑓𝑚(𝑧𝑚)𝑑𝑧𝑚

1

0

−
1

𝜏
∫ 𝑊1𝑔(𝑧)𝑑𝑧
1

0

−
1

𝜏𝑚𝑑̂2
∫ 𝑊𝑚1𝑔𝑚(𝑧𝑚)𝑑𝑧𝑚

1

0

+
2𝑅𝐼𝑚𝑆𝑟𝑚

𝜏𝑚𝑑̂2
 ∫ 𝑧𝑚𝑊𝑚1𝑓𝑚(𝑧𝑚)𝑑𝑧𝑚

1

0 }
 
 
 
 

 
 
 
 

 =  −
𝑘̂𝐶

𝑑̂
−
1

𝑑̂2
           (47) 

By substituting the expression for 𝑊1 𝑎𝑛𝑑 𝑊𝑚 from equations (45) and (46) into the equation 

(47) and we obtain an expression for critical Rayleigh number. 

Linear Salinity Gradient (LSG): 

For linear salinity Gradient 𝑓(𝑧) = 𝑓𝑚1(𝑧𝑚1) = 1, substituting the expression for 

𝑊1 𝑎𝑛𝑑 𝑊𝑚1
 into the equation (47), integrating and solving we obtain critical Rayleigh 

number 𝑅𝑐1. 

𝑅𝑐1 =
∑−∏ 𝑅𝑎𝑆 −∏ 𝑀𝑎𝑇𝑓121 −∏ 𝑀𝑎𝑆3

𝛱4
 

  Where, 

𝛱1 = (𝐵2 + 𝐵6 + 𝐵10 + 𝐵14 + 𝐵18 + 𝐵22) 

 𝛱2 = (𝐵3 + 𝐵7 + 𝐵11 + 𝐵15 + 𝐵19 + 𝐵23) 

𝛱3 = (𝐵4 + 𝐵8 + 𝐵12 + 𝐵16 + 𝐵20 + 𝐵23)  

𝛱4 = (𝐵4 + 𝐵5 + 𝐵9 + 𝐵13 + 𝐵17 + 𝐵21) 

𝐵1 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇𝑓1
120 𝑑

) 

; 

𝐵1 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇𝑓1
120 𝑑

)  

𝐵2 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶𝑓1
120 𝑑

) 

𝐵3 = −
(−1 + 𝑅𝐼)𝑆𝑟

24𝑑2𝜏
(12 + 𝑑𝑘𝑇𝑓1)    

𝐵4 = −
(−1 + 𝑅𝐼)𝑆𝑟 𝑘𝐶𝑓1

8𝑑2𝜏 𝑘𝑇𝑓1
(−12 + 𝑑 𝑘𝑇𝑓1)   

𝐵5 =
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴10
3

+
𝐴2
2
+
2𝐴4
5
+ 𝐴8 +

𝑘̂𝑇𝑓1
72 𝑑

) 
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𝐵7 =
𝑅𝐼𝑆𝑟

3𝑑2𝜏
+
2𝑘𝑇𝑓1𝑅𝐼𝑆𝑟

45 𝑑𝜏
 ;  𝐵8 =

5𝐾𝐶𝑓1𝑅𝐼𝑆𝑟

3𝑑2𝑘𝑇𝑓1𝜏
−
8𝑘𝐶𝑓1𝑅𝐼𝑆𝑟

45 𝑑𝜏
 ;  

𝐵9 =
(1 + 𝑅𝐼𝑚1)𝑆𝑟𝑚1(3𝐴6𝑑

4 − 𝐷𝑎𝑘𝑇𝑓1
2 )

6𝑑6𝜏𝑚1
;  𝐵10 =

(1 + 𝑅𝐼𝑚1)𝑆𝑟𝑚1 (3𝐴5𝑑
4 − 𝐷𝑎𝑘𝐶𝑓1

2 )

6𝑑6𝜏𝑚1
            

 𝐵11 =
𝑘𝑇𝑓1𝑆𝑟𝑚1

2𝑑3𝜏𝑚1
+
𝑘𝑇𝑓1  𝑅𝐼𝑚1 𝑆𝑟𝑚1

2𝑑3𝜏𝑚1
;  𝐵12 =

𝑘𝐶𝑓1𝑆𝑟𝑚1

2𝑑3𝜏𝑚1
+
𝑘𝐶  𝑅𝐼𝑚1 𝑆𝑟𝑚1
2𝑑3𝜏𝑚1

       

              

𝐵13 =
2𝐴6𝑅𝐼𝑚1𝑆𝑟𝑚1
3𝑑2𝜏𝑚1

−
𝐷𝑎𝑘𝑇𝑓1

2 𝑅𝐼𝑚1 𝑆𝑟𝑚1

4𝑑6𝜏𝑚1
;  𝐵14 =

2𝐴5𝑅𝐼𝑚1𝑆𝑟𝑚1
3𝑑2𝜏𝑚1

−
𝐷𝑎𝑘𝐶𝑓1

2 𝑅𝐼𝑚1 𝑆𝑟𝑚1

4𝑑6𝜏𝑚1
 

   𝐵15 =
2𝑘𝑇𝑓1  𝑅𝐼𝑚1 𝑆𝑟𝑚1

3𝑑3𝜏𝑚1
;  𝐵16 =

2𝑘𝐶𝑓1  𝑅𝐼𝑚1 𝑆𝑟𝑚1

3𝑑3𝜏𝑚1
  

                 𝐵17 = −
1

𝜏
(
𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇𝑓1
120 𝑑

) ; 

                             𝐵18 = −
1

𝜏
(
𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶𝑓1
120 𝑑

)                 

𝐵20 = −
𝑘𝐶𝑓1
8 𝑑𝜏

−
3𝑘𝐶𝑓1

2𝑑2𝑘𝑇𝑓1𝜏
;       𝐵21 = −

𝐴6
2𝑑2𝜏𝑚1

+
𝐷𝑎𝑘𝑇𝑓1

2

6𝑑6𝜏𝑚1
; 

𝐵22 = −
𝐴5

2𝑑2𝜏𝑚1
+
𝐷𝑎𝑘𝐶𝑓1

2

6𝑑6𝜏𝑚1
;     𝐵23 = −

𝑘𝑇𝑓1
2 𝑑3𝜏𝑚1

;     𝐵24 = −
𝑘𝐶𝑓1

2 𝑑3𝜏𝑚1
  

 

 Parabolic Salinity Gradient (PSG): 

For parabolic salinity Gradient 𝑓(𝑧) = 2𝑧 𝑎𝑛𝑑 𝑓𝑚1(𝑧𝑚1) = 2𝑧𝑚1, substituting the expression 

for 𝑊1 𝑎𝑛𝑑 𝑊𝑚1 into the equation (47), integrating and solving for critical Rayleigh number 

𝑅𝑐2 and is obtained in the form, 

𝑅𝑐2 =
∑−∏ 𝑅𝑎𝑆 −∏ 𝑀𝑎𝑇65 −∏ 𝑀𝑎𝑆7

𝛱8
 

Where, 

𝛱5 = (𝐵2 + 𝐵6 + 𝐵10 + 𝐵14 + 𝐵18 + 𝐵22) 

 𝛱6 = (𝐵3 + 𝐵7 + 𝐵11 + 𝐵15 + 𝐵19 + 𝐵23) 

𝛱7 = (𝐵4 + 𝐵8 + 𝐵12 + 𝐵16 + 𝐵20 + 𝐵23)  

𝛱8 = (𝐵4 + 𝐵5 + 𝐵9 + 𝐵13 + 𝐵17 + 𝐵21) 
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𝐵1 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇
120 𝑑

) 

𝐵2 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶
120 𝑑

) 

𝐵3 = −
(−1 + 𝑅𝐼)𝑆𝑟

24𝑑2𝜏
(12 + 𝑑𝑘𝑇𝑓1)       

 𝐵4 = −
(−1 + 𝑅𝐼)𝑆𝑟 𝑘𝐶
8𝑑2𝜏 𝑘𝑇𝑓1

(−12 + 𝑑 𝑘𝑇𝑓1)   

𝐵5 =
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴10
3

+
𝐴2
2
+
2𝐴4
5
+ 𝐴8 +

𝑘̂𝑇𝑓1
72 𝑑

) 

𝐵6 = −
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴9
3
+
𝐴1
2
+
2𝐴3
5
+ 𝐴7 −

𝑘̂𝐶
72 𝑑

)  

 𝐵7 =
𝑅𝐼𝑆𝑟

3𝑑2𝜏
+
2𝑘𝑇𝑓1𝑅𝐼𝑆𝑟

45 𝑑𝜏
; 𝐵8 =

5𝐾𝐶𝑅𝐼𝑆𝑟

3𝑑2𝑘𝑇𝑓1𝜏
−
8𝑘𝐶𝑅𝐼𝑆𝑟

45 𝑑𝜏
 

                     

  𝐵9 =
(1 + 𝑅𝐼𝑚)𝑆𝑟𝑚(3𝐴6𝑑

4 − 𝐷𝑎𝑘𝑇𝑓1
2 )

6𝑑6𝜏𝑚
;  𝐵10 =

(1 + 𝑅𝐼𝑚)𝑆𝑟𝑚(3𝐴5𝑑
4 − 𝐷𝑎𝑘𝐶

2)

6𝑑6𝜏𝑚
   

        

    𝐵11 =
𝑘𝑇𝑓1𝑆𝑟𝑚

2𝑑3𝜏𝑚
+
𝑘𝑇𝑓1  𝑅𝐼𝑚 𝑆𝑟𝑚

2𝑑3𝜏𝑚
 ;  𝐵12 =

𝑘𝐶𝑆𝑟𝑚
2𝑑3𝜏𝑚

+
𝑘𝐶  𝑅𝐼𝑚 𝑆𝑟𝑚
2𝑑3𝜏𝑚

    

            𝐵13 =
2𝐴6𝑅𝐼𝑚𝑆𝑟𝑚
3𝑑2𝜏𝑚

−
𝐷𝑎𝑘𝑇

2 𝑅𝐼𝑚 𝑆𝑟𝑚
4𝑑6𝜏𝑚

; 𝐵14 =
2𝐴5𝑅𝐼𝑚𝑆𝑟𝑚
3𝑑2𝜏𝑚

−
𝐷𝑎𝑘𝐶

2 𝑅𝐼𝑚 𝑆𝑟𝑚
4𝑑6𝜏𝑚

   

               𝐵15 =
2𝑘𝑇𝑓1  𝑅𝐼𝑚 𝑆𝑟𝑚

3𝑑3𝜏𝑚
;  𝐵16 =

2𝑘𝐶  𝑅𝐼𝑚 𝑆𝑟𝑚
3𝑑3𝜏𝑚

;   𝐵17

= −
1

𝜏
(
𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇𝑓1
120 𝑑

) 

 𝐵18 = −
1

𝜏
(
𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶
120 𝑑

) ;                  𝐵19 = −
1

2𝑑2𝜏
−
𝑘𝑇𝑓1
24 𝑑𝜏

; 

𝐵20 = −
𝑘𝐶
8 𝑑𝜏

−
3𝑘𝐶

2𝑑2𝑘𝑇𝑓1𝜏
;                               𝐵21 = −

𝐴6
2𝑑2𝜏𝑚

+
𝐷𝑎𝑘𝑇𝑓1

2

6𝑑6𝜏𝑚
; 

𝐵22 = −
𝐴5

2𝑑2𝜏𝑚
+
𝐷𝑎𝑘𝐶

2

6𝑑6𝜏𝑚
;             𝐵23 = −

𝑘𝑇𝑓1
2 𝑑3𝜏𝑚

;              𝐵24 = −
𝑘𝐶

2 𝑑3𝜏𝑚
  

Inverted Parabolic Salinity Gradient (ISG): 

For Inverted salinity Gradient 𝑓(𝑧) = 2(1 − 𝑧) and  𝑓𝑚(𝑧𝑚) = 2(1 − 𝑧𝑚), integrating and 
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solving the expression for 𝑊1 𝑎𝑛𝑑 𝑊𝑚1 into the equation (47), integrating and solving for 

critical Rayleigh number 𝑅𝑐3 and is obtained in the form,   

𝑅𝑐3 =
∑−∏ 𝑅𝑎𝑆 −∏ 𝑀𝑎𝑇𝑓1109 −∏ 𝑀𝑎𝑆11

𝛱12
 

Where,  

𝛱9 = (𝐵2 + 𝐵6 + 𝐵10 + 𝐵14 + 𝐵18 + 𝐵22) 

 𝛱10 = (𝐵3 + 𝐵7 + 𝐵11 + 𝐵15 + 𝐵19 + 𝐵23) 

𝛱11 = (𝐵4 + 𝐵8 + 𝐵12 + 𝐵16 + 𝐵20 + 𝐵23)  

𝛱12 = (𝐵4 + 𝐵5 + 𝐵9 + 𝐵13 + 𝐵17 + 𝐵21) 

𝐵1 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇
120 𝑑

) 

𝐵2 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶
120 𝑑

) 

 

𝐵3 = −
(−1 + 𝑅𝐼)𝑆𝑟

24𝑑2𝜏
(12 + 𝑑𝑘𝑇);       𝐵4 = −

(−1 + 𝑅𝐼)𝑆𝑟 𝑘𝐶
8𝑑2𝜏 𝑘𝑇

(−12 + 𝑑 𝑘𝑇) ;  

𝐵5 =
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴10
3

+
𝐴2
2
+
2𝐴4
5
+ 𝐴8 +

𝑘̂𝑇
72 𝑑

) ; 𝐵6

= −
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴9
3
+
𝐴1
2
+
2𝐴3
5
+ 𝐴7 −

𝑘̂𝐶
72 𝑑

) ; 

       𝐵7 =
𝑅𝐼𝑆𝑟

3𝑑2𝜏
+
2𝑘𝑇𝑅𝐼𝑆𝑟

45 𝑑𝜏
 ;  𝐵8 =

5𝐾𝐶𝑅𝐼𝑆𝑟

3𝑑2𝑘𝑇𝜏
−
8𝑘𝐶𝑅𝐼𝑆𝑟

45 𝑑𝜏
; 𝐵9

=
(1 + 𝑅𝐼𝑚)𝑆𝑟𝑚(3𝐴6𝑑

4 − 𝐷𝑎𝑘𝑇
2)

6𝑑6𝜏𝑚
  

𝐵10 =
(1 + 𝑅𝐼𝑚)𝑆𝑟𝑚(3𝐴5𝑑

4 − 𝐷𝑎𝑘𝐶
2)

6𝑑6𝜏𝑚
;        𝐵11 =

𝑘𝑇𝑆𝑟𝑚
2𝑑3𝜏𝑚

+
𝑘𝑇  𝑅𝐼𝑚 𝑆𝑟𝑚
2𝑑3𝜏𝑚

 ;     

𝐵12 =
𝑘𝐶𝑆𝑟𝑚
2𝑑3𝜏𝑚

+
𝑘𝐶  𝑅𝐼𝑚 𝑆𝑟𝑚
2𝑑3𝜏𝑚

;             𝐵13 =
2𝐴6𝑅𝐼𝑚𝑆𝑟𝑚
3𝑑2𝜏𝑚

−
𝐷𝑎𝑘𝑇

2 𝑅𝐼𝑚 𝑆𝑟𝑚
4𝑑6𝜏𝑚

; 

𝐵14 =
2𝐴5𝑅𝐼𝑚𝑆𝑟𝑚
3𝑑2𝜏𝑚

−
𝐷𝑎𝑘𝐶

2 𝑅𝐼𝑚 𝑆𝑟𝑚
4𝑑6𝜏𝑚

;                    𝐵15 =
2𝑘𝑇  𝑅𝐼𝑚 𝑆𝑟𝑚
3𝑑3𝜏𝑚

;  

𝐵16 =
2𝑘𝐶  𝑅𝐼𝑚 𝑆𝑟𝑚
3𝑑3𝜏𝑚

;                        𝐵17 = −
1

𝜏
(
𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇
120 𝑑

) ; 

 𝐵18 = −
1

𝜏
(
𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶
120 𝑑

) ;                  𝐵19 = −
1

2𝑑2𝜏
−

𝑘𝑇
24 𝑑𝜏

; 
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𝐵20 = −
𝑘𝐶
8 𝑑𝜏

−
3𝑘𝐶

2𝑑2𝑘𝑇𝜏
;                               𝐵21 = −

𝐴6
2𝑑2𝜏𝑚

+
𝐷𝑎𝑘𝑇

2

6𝑑6𝜏𝑚
; 

𝐵22 = −
𝐴5

2𝑑2𝜏𝑚
+
𝐷𝑎𝑘𝐶

2

6𝑑6𝜏𝑚
;             𝐵23 = −

𝑘𝑇
2 𝑑3𝜏𝑚

;              𝐵24 = −
𝑘𝐶

2 𝑑3𝜏𝑚
 

 

 

Piecewise Linear Heated From Below Salinity Gradient (SBSG): 

For piecewise linear heated from below salinity gradient 

𝑓(𝑧) = {
1

𝜀
, 0 ≤ 𝑧 ≤ 𝜀𝑚

0, 𝜀 ≤ 𝑧 ≤ 1
 𝑎𝑛𝑑   𝑓𝑚(𝑧𝑚) = {

1

𝜀𝑚
, 0 ≤ 𝑧𝑚 ≤ 𝜀𝑚

0, 𝜀𝑚 ≤ 𝑧𝑚 ≤ 1

  

into the equation (47), integrating and solving for critical Rayleigh number 𝑅𝑐4and is 

obtained in the form, 

𝑅𝑐4 =
∑−∏ 𝑅𝑎𝑆 −∏ 𝑀𝑎𝑇1413 −∏ 𝑀𝑎𝑆15

𝛱16
 

Where,  

𝛱13 = (𝐵2 + 𝐵6 + 𝐵10 + 𝐵14 + 𝐵18 + 𝐵22) 

 𝛱14 = (𝐵3 + 𝐵7 + 𝐵11 + 𝐵15 + 𝐵19 + 𝐵23) 

𝛱15 = (𝐵4 + 𝐵8 + 𝐵12 + 𝐵16 + 𝐵20 + 𝐵23)  

𝛱16 = (𝐵4 + 𝐵5 + 𝐵9 + 𝐵13 + 𝐵17 + 𝐵21) 

 

𝐵1 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇
120 𝑑

) 

𝐵2 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶
120 𝑑

) 

; 

𝐵3 = −
(−1 + 𝑅𝐼)𝑆𝑟

24𝑑2𝜏
(12 + 𝑑𝑘𝑇);        𝐵4 = −

(−1 + 𝑅𝐼)𝑆𝑟 𝑘𝐶
8𝑑2𝜏 𝑘𝑇

(−12 + 𝑑 𝑘𝑇) ;  

𝐵5 =
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴10
3

+
𝐴2
2
+
2𝐴4
5
+ 𝐴8 +

𝑘̂𝑇
72 𝑑

) ; 

𝐵6 = −
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴9
3
+
𝐴1
2
+
2𝐴3
5
+ 𝐴7 −

𝑘̂𝐶
72 𝑑

) ;        𝐵7 =
𝑅𝐼𝑆𝑟

3𝑑2𝜏
+
2𝑘𝑇𝑅𝐼𝑆𝑟

45 𝑑𝜏
 ;  

𝐵8 =
5𝐾𝐶𝑅𝐼𝑆𝑟

3𝑑2𝑘𝑇𝜏
−
8𝑘𝐶𝑅𝐼𝑆𝑟

45 𝑑𝜏
;           𝐵9 =

(1 + 𝑅𝐼𝑚)𝑆𝑟𝑚(3𝐴6𝑑
4 − 𝐷𝑎𝑘𝑇

2)

6𝑑6𝜏𝑚
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𝐵10 =
(1 + 𝑅𝐼𝑚)𝑆𝑟𝑚(3𝐴5𝑑

4 − 𝐷𝑎𝑘𝐶
2)

6𝑑6𝜏𝑚
;      𝐵11 =

𝑘𝑇𝑆𝑟𝑚
2𝑑3𝜏𝑚

+
𝑘𝑇  𝑅𝐼𝑚 𝑆𝑟𝑚
2𝑑3𝜏𝑚

 ;     

𝐵12 =
𝑘𝐶𝑆𝑟𝑚
2𝑑3𝜏𝑚

+
𝑘𝐶  𝑅𝐼𝑚 𝑆𝑟𝑚
2𝑑3𝜏𝑚

;       𝐵13 =
2𝐴6𝑅𝐼𝑚𝑆𝑟𝑚
3𝑑2𝜏𝑚

−
𝐷𝑎𝑘𝑇

2 𝑅𝐼𝑚 𝑆𝑟𝑚
4𝑑6𝜏𝑚

; 

𝐵14 =
2𝐴5𝑅𝐼𝑚𝑆𝑟𝑚
3𝑑2𝜏𝑚

−
𝐷𝑎𝑘𝐶

2 𝑅𝐼𝑚 𝑆𝑟𝑚
4𝑑6𝜏𝑚

;                    𝐵15 =
2𝑘𝑇  𝑅𝐼𝑚 𝑆𝑟𝑚
3𝑑3𝜏𝑚

;  

𝐵16 =
2𝑘𝐶  𝑅𝐼𝑚 𝑆𝑟𝑚
3𝑑3𝜏𝑚

;           𝐵17 = −
1

𝜏
(
𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇
120 𝑑

) ; 

 𝐵18 = −
1

𝜏
(
𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶
120 𝑑

) ;   𝐵19 = −
1

2𝑑2𝜏
−

𝑘𝑇
24 𝑑𝜏

; 

𝐵20 = −
𝑘𝐶
8 𝑑𝜏

−
3𝑘𝐶

2𝑑2𝑘𝑇𝜏
;                      𝐵21 = −

𝐴6
2𝑑2𝜏𝑚

+
𝐷𝑎𝑘𝑇

2

6𝑑6𝜏𝑚
; 

𝐵22 = −
𝐴5

2𝑑2𝜏𝑚
+
𝐷𝑎𝑘𝐶

2

6𝑑6𝜏𝑚
;       𝐵23 = −

𝑘𝑇
2 𝑑3𝜏𝑚

;          𝐵24 = −
𝑘𝐶

2 𝑑3𝜏𝑚
 

 

Piecewise Linear Cooling From Above Salinity Gradient (SASG): 

For piecewise linear cooled from below salinity gradient 

𝑓(𝑧) = {
0, 0 ≤ 𝑧 < 1 − 𝜀
1

𝜀
, 1 − 𝜀 ≤ 𝑧 ≤ 1

 𝑎𝑛𝑑   𝑓𝑚(𝑧𝑚) = {

0, 0 ≤ 𝑧𝑚 < 1 − 𝜀𝑚
1

𝜀𝑚
, 1 − 𝜀𝑚 ≤ 𝑧𝑚 ≤ 1

 

Into the equation (47), integrating and solving for critical Rayleigh number 𝑅𝑐5 and is 

obtained in the form, 

𝑅𝑐5 =
∑−∏ 𝑅𝑎𝑆 −∏ 𝑀𝑎𝑇1817 −∏ 𝑀𝑎𝑆19

𝛱20
 

Where,  

𝛱17 = (𝐵2 + 𝐵6 + 𝐵10 + 𝐵14 + 𝐵18 + 𝐵22) 

 𝛱18 = (𝐵3 + 𝐵7 + 𝐵11 + 𝐵15 + 𝐵19 + 𝐵23) 

𝛱19 = (𝐵4 + 𝐵8 + 𝐵12 + 𝐵16 + 𝐵20 + 𝐵23)  

𝛱20 = (𝐵4 + 𝐵5 + 𝐵9 + 𝐵13 + 𝐵17 + 𝐵21) 

 

𝐵1 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇
120 𝑑

) 

𝐵2 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶
120 𝑑

) 
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𝐵3 = −
(−1 + 𝑅𝐼)𝑆𝑟

24𝑑2𝜏
(12 + 𝑑𝑘𝑇);        𝐵4 = −

(−1 + 𝑅𝐼)𝑆𝑟 𝑘𝐶
8𝑑2𝜏 𝑘𝑇

(−12 + 𝑑 𝑘𝑇) ;  

𝐵5 =
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴10
3

+
𝐴2
2
+
2𝐴4
5
+ 𝐴8 +

𝑘̂𝑇
72 𝑑

) ; 

𝐵6 = −
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴9
3
+
𝐴1
2
+
2𝐴3
5
+ 𝐴7 −

𝑘̂𝐶
72 𝑑

) ;        𝐵7 =
𝑅𝐼𝑆𝑟

3𝑑2𝜏
+
2𝑘𝑇𝑅𝐼𝑆𝑟

45 𝑑𝜏
 ;  

𝐵8 =
5𝐾𝐶𝑅𝐼𝑆𝑟

3𝑑2𝑘𝑇𝜏
−
8𝑘𝐶𝑅𝐼𝑆𝑟

45 𝑑𝜏
;                      𝐵9 =

(1 + 𝑅𝐼𝑚)𝑆𝑟𝑚(3𝐴6𝑑
4 − 𝐷𝑎𝑘𝑇

2)

6𝑑6𝜏𝑚
 

𝐵10 =
(1 + 𝑅𝐼𝑚)𝑆𝑟𝑚(3𝐴5𝑑

4 − 𝐷𝑎𝑘𝐶
2)

6𝑑6𝜏𝑚
;              𝐵11 =

𝑘𝑇𝑆𝑟𝑚
2𝑑3𝜏𝑚

+
𝑘𝑇 𝑅𝐼𝑚 𝑆𝑟𝑚
2𝑑3𝜏𝑚

 ;     

𝐵12 =
𝑘𝐶𝑆𝑟𝑚
2𝑑3𝜏𝑚

+
𝑘𝐶  𝑅𝐼𝑚 𝑆𝑟𝑚
2𝑑3𝜏𝑚

;                     𝐵13 =
2𝐴6𝑅𝐼𝑚𝑆𝑟𝑚
3𝑑2𝜏𝑚

−
𝐷𝑎𝑘𝑇

2 𝑅𝐼𝑚 𝑆𝑟𝑚
4𝑑6𝜏𝑚

; 

𝐵14 =
2𝐴5𝑅𝐼𝑚𝑆𝑟𝑚
3𝑑2𝜏𝑚

−
𝐷𝑎𝑘𝐶

2 𝑅𝐼𝑚 𝑆𝑟𝑚
4𝑑6𝜏𝑚

;                    𝐵15 =
2𝑘𝑇  𝑅𝐼𝑚 𝑆𝑟𝑚
3𝑑3𝜏𝑚

;  

𝐵16 =
2𝑘𝐶  𝑅𝐼𝑚 𝑆𝑟𝑚
3𝑑3𝜏𝑚

;                        𝐵17 = −
1

𝜏
(
𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇
120 𝑑

) ; 

 𝐵18 = −
1

𝜏
(
𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶
120 𝑑

) ;                  𝐵19 = −
1

2𝑑2𝜏
−

𝑘𝑇
24 𝑑𝜏

; 

𝐵20 = −
𝑘𝐶
8 𝑑𝜏

−
3𝑘𝐶

2𝑑2𝑘𝑇𝜏
;                               𝐵21 = −

𝐴6
2𝑑2𝜏𝑚

+
𝐷𝑎𝑘𝑇

2

6𝑑6𝜏𝑚
; 

𝐵22 = −
𝐴5

2𝑑2𝜏𝑚
+
𝐷𝑎𝑘𝐶

2

6𝑑6𝜏𝑚
;             𝐵23 = −

𝑘𝑇
2 𝑑3𝜏𝑚

;              𝐵24 = −
𝑘𝐶

2 𝑑3𝜏𝑚
 

Step Function Salinity Gradient (SFSG) : 

For step function salinity gradient 𝑓(𝑧) = 𝑓(𝜀) 𝑎𝑛𝑑 𝑓𝑚(𝑧𝑚) = 𝑓(𝜀𝑚)into the equation (47), 

integrating and solving for critical Rayleigh number 𝑅𝑐6 and is obtained in the form, 

𝑅𝑐6 =
∑−∏ 𝑅𝑎𝑆 −∏ 𝑀𝑎𝑇2221 −∏ 𝑀𝑎𝑆23

𝛱24
 

Where,  

𝛱21 = (𝐵2 + 𝐵6 + 𝐵10 + 𝐵14 + 𝐵18 + 𝐵22) 

 𝛱22 = (𝐵3 + 𝐵7 + 𝐵11 + 𝐵15 + 𝐵19 + 𝐵23) 

𝛱23 = (𝐵4 + 𝐵8 + 𝐵12 + 𝐵16 + 𝐵20 + 𝐵23)  

𝛱24 = (𝐵4 + 𝐵5 + 𝐵9 + 𝐵13 + 𝐵17 + 𝐵21) 

𝐵1 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇
120 𝑑

) 
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𝐵2 =
𝑆𝑟

𝜏
(1 − 𝑅𝐼) (

𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶
120 𝑑

) 

𝐵3 = −
(−1 + 𝑅𝐼)𝑆𝑟

24𝑑2𝜏
(12 + 𝑑𝑘𝑇);        𝐵4 = −

(−1 + 𝑅𝐼)𝑆𝑟 𝑘𝐶
8𝑑2𝜏 𝑘𝑇

(−12 + 𝑑 𝑘𝑇) ;  

𝐵5 =
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴10
3

+
𝐴2
2
+
2𝐴4
5
+ 𝐴8 +

𝑘̂𝑇
72 𝑑

) ; 

𝐵6 = −
𝑅𝐼𝑆𝑟

𝜏
(
2𝐴9
3
+
𝐴1
2
+
2𝐴3
5
+ 𝐴7 −

𝑘̂𝐶
72 𝑑

) ;        𝐵7 =
𝑅𝐼𝑆𝑟

3𝑑2𝜏
+
2𝑘𝑇𝑅𝐼𝑆𝑟

45 𝑑𝜏
 ;  

𝐵8 =
5𝐾𝐶𝑅𝐼𝑆𝑟

3𝑑2𝑘𝑇𝜏
−
8𝑘𝐶𝑅𝐼𝑆𝑟

45 𝑑𝜏
;                      𝐵9 =

(1 + 𝑅𝐼𝑚)𝑆𝑟𝑚(3𝐴6𝑑
4 − 𝐷𝑎𝑘𝑇

2)

6𝑑6𝜏𝑚
 

𝐵10 =
(1 + 𝑅𝐼𝑚)𝑆𝑟𝑚(3𝐴5𝑑

4 − 𝐷𝑎𝑘𝐶
2)

6𝑑6𝜏𝑚
;              𝐵11 =

𝑘𝑇𝑆𝑟𝑚
2𝑑3𝜏𝑚

+
𝑘𝑇 𝑅𝐼𝑚 𝑆𝑟𝑚
2𝑑3𝜏𝑚

 ;     

𝐵12 =
𝑘𝐶𝑆𝑟𝑚
2𝑑3𝜏𝑚

+
𝑘𝐶  𝑅𝐼𝑚 𝑆𝑟𝑚
2𝑑3𝜏𝑚

;                     𝐵13 =
2𝐴6𝑅𝐼𝑚𝑆𝑟𝑚
3𝑑2𝜏𝑚

−
𝐷𝑎𝑘𝑇

2 𝑅𝐼𝑚 𝑆𝑟𝑚
4𝑑6𝜏𝑚

; 

𝐵14 =
2𝐴5𝑅𝐼𝑚𝑆𝑟𝑚
3𝑑2𝜏𝑚

−
𝐷𝑎𝑘𝐶

2 𝑅𝐼𝑚 𝑆𝑟𝑚
4𝑑6𝜏𝑚

;                    𝐵15 =
2𝑘𝑇  𝑅𝐼𝑚 𝑆𝑟𝑚
3𝑑3𝜏𝑚

;  

𝐵16 =
2𝑘𝐶  𝑅𝐼𝑚 𝑆𝑟𝑚
3𝑑3𝜏𝑚

;                        𝐵17 = −
1

𝜏
(
𝐴10
2
+
𝐴2
3
+
𝐴4
4
+ 𝐴8 +

𝑘̂𝑇
120 𝑑

) ; 

 𝐵18 = −
1

𝜏
(
𝐴9
2
+
𝐴1
3
+
𝐴3
4
+ 𝐴7 −

𝑘̂𝐶
120 𝑑

) ;                  𝐵19 = −
1

2𝑑2𝜏
−

𝑘𝑇
24 𝑑𝜏

; 

𝐵20 = −
𝑘𝐶
8 𝑑𝜏

−
3𝑘𝐶

2𝑑2𝑘𝑇𝜏
;                               𝐵21 = −

𝐴6
2𝑑2𝜏𝑚

+
𝐷𝑎𝑘𝑇

2

6𝑑6𝜏𝑚
; 

𝐵22 = −
𝐴5

2𝑑2𝜏𝑚
+
𝐷𝑎𝑘𝐶

2

6𝑑6𝜏𝑚
;             𝐵23 = −

𝑘𝑇
2 𝑑3𝜏𝑚

;              𝐵24 = −
𝑘𝐶

2 𝑑3𝜏𝑚
 

 
Results and Discussion  

The effect of linear (Rc1), parabolic (Rc2), inverted parabolic (Rc3), salted from 

below (Rc4), salted from above (Rc5), and step function (Rc6) salinity gradients 

on the onset of Rayleigh Benard Marangoni convection in a composite layer is 

analyzed. The variation of Rayleigh number as a function of depth ratio, for different 

values of the parameter such as solute Rayleigh number, Soret number, Darcy 

number, thermal Marangoni number, solute Marangoni number, internal 

Rayleigh number, thermal diffusivity ratio, solute diffusivity ratio and the ratio of 
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solute to thermal diffusivity are computed and the results are depicted in 

graphically. The fixed the value of the parameters are 𝐷𝑎 = 0.03,𝑀𝑎𝑇  =  5,

𝑀𝑎𝑆  =  5, 𝑅𝐼  =  0.1, 𝑆𝑟  =  0.5, 𝑅𝑎𝑆  =  100  κˆT = 1.0, κˆC = 1.0 and τ = 0.3. 
 

 

 

Figure 1: The combined effect of LSG, PSG, ISG, SBSG, SASG, SFSG. 

 

 

Figure (2) depicts the distinction of critical Rayleigh numbers for linear, 

parabolic, and inverted parabolic, salted from below, salted from above, and step 

function salin- ity gradients with depth ratio for various values of the Darcy 

number Da = 0.03, Da = 0.04, and Da = 0.05.  The other dimensionless 

parameters are fixed as  

𝑀𝑎𝑇  =  5,𝑀𝑎𝑆 =  5, 𝑅𝐼 =  0.1, 𝑆𝑟 =  0.5, 𝑅𝑎𝑠 =  100, 𝜅̂𝑇 = 1.0, 𝜅̂𝑐 = 1.  and τ = 

0.3 

observe that the increase in Da decreases RaC for all six salinity gradients. An 

increase in Da increases the permeability of the porous layer, which facilitates the 

flow of the fluid and promotes the onset of convection. Hence, the increase in Da 

destabilizes the onset of Rayleigh-Benard Marangoni convection. Figure (3) 

depicts the distinction of critical Rayleigh numbers for linear, parabolic, and inverted 

parabolic salted from below, salted from above, and step function salin- ity gradients 
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with depth ratio for various values of the solute diffusivity ratio 𝜅̂𝑐 = 0.8, 0.9 and 

1. The other dimensionless parameters are fixed as Da =  0.03,𝑀𝑎𝑇  =  5,𝑀𝑎𝑆 =

 5, 𝑅𝐼 =  0.1, 𝑆𝑟 =  0.5, 𝑅𝑎𝑠 =  100, 𝜅̂𝑇 = 1.0,  and τ = 0.3. We observe that the 

increase in κˆC increases RaC for all salinity gra- dients. An increase in κˆC 

increases solute diffusivity increases concentration of the fluid hence declines the 

onset of convection. Hence, the increase in κˆC stabilizes the onset of Rayleigh-

Benard Marangoni convection. Figure (4) depicts the distinction of critical 

Rayleigh numbers for linear, parabolic, and inverted parabolic, salted from 

below, salted from above, and step function salinity gradients with depth ratio 

for various values of the thermal diffusivity ratio   𝜅̂𝑇 = 0.8,  𝜅̂𝑇 = 0.9, and  𝜅̂𝑇  = 

1.0. The other dimensionless parameters are fixed as Da =  0.03,𝑀𝑎𝑇  =

 5,𝑀𝑎𝑆 =  5, 𝑅𝐼 =  0.1, 𝑆𝑟 =  0.5, 𝑅𝑎𝑠 =  100, 𝜅̂𝑇 = 1.0,  and τ = 0.3.  We observe 

that the  increase in  𝜅̂𝑇 decreases RaC for all salinity gradi- ents. An increase in  𝜅̂𝑇 

increases thermal diffusivity increases temperature gradients in the system which 

hastens the onset of convection. Hence, the increase in 𝜅̂𝑇 desta- bilizes the onset 

of Rayleigh-Benard Marangoni convection. Figure (5) depicts the distinction of 

critical Rayleigh numbers for linear, parabolic, and inverted parabolic salted from 

below, salted from above, and step function salinity gradients with depth ratio for 

various values of the thermal Marangoni number 𝑀𝑎𝑆 = 5, 𝑀𝑎𝑆 = 10, and 𝑀𝑎𝑆 = 15. 

The other dimensionless parameters are fixed as Da  =  0.03,𝑀𝑎𝑇  =  5,𝑀𝑎𝑆 =

 5, 𝑅𝐼 =  0.1, 𝑆𝑟 =  0.5, 𝑅𝑎𝑠 =  100, 𝜅̂𝑇 = 1.0,  and τ = 0.3.  We observe that the 

increase in Mas increases RaC for all six salinity gradients. An increase in Mas 

increases the surface tension of the fluid due to solute concentration, which declines 

the onset of convection. Hence, the increase in Mas stabilizes the onset of Rayleigh-

Benard Marangoni convection. Figure (6) depicts the distinction of critical Rayleigh 

numbers for linear, parabolic, and inverted parabolic salted from below, salted from 

above, and step function salin- ity gradients with depth ratio for various values of 

the thermal Marangoni number MaT  = 5, MaT  = 10, and MaT  = 15.  The 

other dimensionless parameters are fixed as Da  =  0.03,𝑀𝑎𝑇  =  5,𝑀𝑎𝑆 =

 5, 𝑅𝐼 =  0.1, 𝑆𝑟 =  0.5, 𝑅𝑎𝑠 =  100, 𝜅̂𝑇 = 1.0,  and τ = 0.3.  We observe that the 

increase in MaT increases RaC for all six salinity gradients. An increase in MaT 

increases the surface tension of the fluid, which declines the onset of convection. 

Hence, the increase in MaT stabilizes the onset of Rayleigh-Benard Marangoni 

convection.
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Figure 2: The effect of Darcy number (Da) on critical Rayleigh number (RaC) 
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Figure 3: The effect of Solute diffusivity (κC) on critical Rayleigh number (RaC) 
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Figure 4: The effect of Thermal diffusivity (κT ) on critical Rayleigh number (RaC) 
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Figure 5: The effect of Solute marangoni number (MaS) on critical Rayleigh number (RaC) 
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Figure 6: The effect of Thermal marangoni number (MaT ) on critical Rayleigh number (RaC) 
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Figure 7: The effect of Solute Rayleigh number (RaS) on critical Rayleigh number (RaC) 
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Figure 8: The effect of Internal Rayleigh number (RI) on critical Rayleigh number (RaC) 
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Figure 9: The effect of Soret number (Sr) on critical Rayleigh number (RaC) 
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Figure 10: The effect of Diffusivity ratio (τ) on critical Rayleigh number (RaC) 
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Figure 11: The effect of Thermal Depth (ϵ) on critical Rayleigh number (RaC) 

 

 

  Figure (7) depicts the distinction of critical Rayleigh numbers for linear, parabolic, and inverted 

parabolic salted from below, salted from above, and step function salin- ity gradients with depth 

ratio for various values of the Solute Rayleigh number Ras =100, Ras = 200, and Ras = 

300.  The other dimensionless parameters are fixed as Da  =  0.03,𝑀𝑎𝑇  =  5,𝑀𝑎𝑆 =  5, 𝑅𝐼 =

 0.1, 𝑆𝑟 =  0.5, 𝑅𝑎𝑠 =  100, 𝜅̂𝑇 = 1.0,  and τ = 0.3. We observe that the increase in Ras increases 

RaC for all six salinity gradients. An increase in Ras increases the concentration of the fluid, which 

declines the onset of convection. Hence, the increase in Ras stabilizes the onset of Rayleigh-

Benard Marangoni convection. Figure (8) depicts the distinction of critical Rayleigh numbers for 

linear, parabolic, and inverted parabolic salted from below, salted from above, and step function salin- 

ity gradients with depth ratio for various values of the internal thermal Rayleigh number RI = 

0.1, RI = 0.2, and RI = 0.3. The other dimensionless parameters are fixed as Da  =  0.03,𝑀𝑎𝑇  =

 5,𝑀𝑎𝑆 =  5, 𝑅𝐼 =  0.1, 𝑆𝑟 =  0.5, 𝑅𝑎𝑠 =  100, 𝜅̂𝑇 = 1.0,  and τ = 0.3.  We observe that the increase 
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in RI increases RaC for inverted parabolic salinity gradient and decreases for linear and parabolic 

salinity gradients. An increase in RI increases the internal heat source of the fluid, which hastens the 

onset of convection. Hence, the increase in RI destabilizes the onset of Rayleigh- Benard Marangoni 

convection. Figure (9) depicts the distinction of critical Rayleigh numbers for linear, parabolic, and 

inverted parabolic salted from below, salted from above, and step function salin- ity gradients with 

depth ratio for various values of the soret number 𝑆𝑟 = 0.3, 𝑆𝑟 = 0.4, and 𝑆𝑟 = 0.5. The other 

dimensionless parameters are fixed as Da  =  0.03,𝑀𝑎𝑇  =  5,𝑀𝑎𝑆 =  5, 𝑅𝐼 =  0.1, 𝑆𝑟 =

 0.5, 𝑅𝑎𝑠 =  100, 𝜅̂𝑇 = 1.0,  and τ = 0.3. We observe that the increase in Sr increases RaC for all 

salinity gradients. An increase in Sr increases thermal diffusivity in the system which hastens the 

onset of convec- tion. Hence, the increase in Sr destabilizes the onset of Rayleigh-Benard Marangoni 

convection. Figure (10) depicts the distinction of critical Rayleigh numbers for linear, parabolic, and 

inverted parabolic salted from below, salted from above, and step function salin- ity gradients with 

depth ratio for various values of the solute to thermal diffusivity ratio τ̂  = 0.3, τ̂  = 0.4, and τ̂  = 0.5. 

The other dimensionless parameters are fixed as Da  =  0.03,𝑀𝑎𝑇  =  5,𝑀𝑎𝑆 =  5, 𝑅𝐼 =  0.1, 𝑆𝑟 =

 0.5, 𝑅𝑎𝑠 =  100, 𝜅̂𝑇 = 1.0,  and τ = 0.3. We observe that the increase in τ increases RaC for linear 

and inverted parabolic salinity gradients and decreases for parabolic salinity gradient. An increase 

in τ̂  increases solute diffusivity in the system which declines the onset of convection. Hence, the 

increase in τ stabilizes the onset of Rayleigh-Benard Marangoni convec- tion. Figure (11) depicts the 

distinction of critical Rayleigh numbers for salted from be- low, salted from above, and step function 

salinity gradients with depth ratio for var- ious values of the thermal depth ϵ = 0.5, ϵ = 0.7, and ϵ 

= 0.9. The other dimensionless parameters are fixed as Da  =  0.03,𝑀𝑎𝑇  =  5,𝑀𝑎𝑆 =  5, 𝑅𝐼 =

 0.1, 𝑆𝑟 =  0.5, 𝑅𝑎𝑠 =  100, 𝜅̂𝑇 = 1.0,  and τ = 0.3. We observe that the in-crease in ϵ increases 

RaC for salting from above and step function salinity gradients and decreases for salting from below 

salinity gradient. An increase in ϵ increases solute diffusivity in the system which declines the onset 

of convection for salting from above and step function salinity gradients stabilizes the onset of 

Rayleigh- Benard Marangoni convection. Whereas, for salting from below salinity gradients the 

thermal diffusivity increases. Hence, destabilizes the onset of Rayleigh-Benard Marangoni 

convection. 
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Conclusions 

Double Diffusive Rayleigh-Barnard-Marangoni (DDRBM) convection in a composite layered system, 

incorporating the Soret effect , constant heat source and the effect of linear (Rc1), parabolic (Rc2), 

inverted parabolic (Rc3), salted from below (Rc4), salted from above (Rc5), and step function (Rc6) 

salinity gradients is analyzed and solved in closed form using the Regular Perturbation method. This 

study investigates the interplay between thermal and solutal buoyancy forces, surface tension gradients, 

and the Soret-driven mass diffusion on the stability and dynamics of the system. 

The following conclusions are drawn: 

 

1. Effect of increasing the values of solute diffusivity increases the critical Rayleigh number for all 

six salinity gradients. Consequently, it stabilizes the onset of double diffusive Rayleigh Benard 

Marangoni convection with constant heat source. 

2. Effect of increasing the values of solute Rayleigh number increases the critical Rayleigh 

number for all six salinity gradients. Consequently, it stabilizes the onset of double diffusive 

Rayleigh Benard Marangoni convection with constant heat source. 

3. Effect of increasing the values of ratio of solute to thermal diffusivity increases the critical 

Rayleigh number for all six salinity gradients. Consequently, it sta- bilizes the onset of double 

diffusive Rayleigh Benard Marangoni convection with constant heat source. 

4. Effect of increasing the values of thermal Marangoni number increases the criti- cal Rayleigh 

number for all six salinity gradients. Consequently, it stabilizes the onset of double diffusive 

Rayleigh Benard Marangoni convection with constant heat source. 

5. Effect of increasing the values of solute Marangoni number increases the critical Rayleigh 

number for all six salinity gradients. Consequently, it stabilizes the onset of double diffusive 

Rayleigh Benard Marangoni convection with constant heat source. 

6. Effect of increasing the values of Darcy number decreases critical Rayleigh number for all six 

salinity gradients. Consequently, it destabilizes the onset of double diffusive Rayleigh 

Benard Marangoni convection with constant heat source. 

 

7. Effect of increasing the values of soret number decreases critical Rayleigh num- ber for all six 

salinity gradients. Consequently, it destabilizes the onset of dou- ble diffusive Rayleigh Benard 

Marangoni convection with constant heat source. 

8. Effect of increasing the values of internal Rayleigh number decreases critical Rayleigh number 

for all six salinity gradients. Consequently, it destabilizes the onset of double diffusive Rayleigh 

Benard Marangoni convection with constant heat source. 
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9. Effect of increasing the values of thermal diffusivity ratio decreases critical Rayleigh number 

for all six salinity gradients. Consequently, it destabilizes the onset of double diffusive Rayleigh 

Benard Marangoni convection with constant heat source. 

10. Upto depth ratio d̂ = 1.5, the critical Rayleigh number increases for all param- eters beyond 

which critical Rayleigh number decreases for linear, parabolic, inverted parabolic salted from 

below, salted from above and step function salin- ity gradients. 
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