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Application of Gauss Divergence theorem for linear Partial Differential
Equation in the frame work of Green’s Function
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Abstract: a feasible region in three dimensions is enclosed by a surface [6] z = f(x, y) whose
dynamic equation x = x(t),y = y(t),z = f(x(t),y(t))can be interpreted as the Gaussian
surface found using the Gauss — Divergence theorem[4] that says “the outward drawn normal
component multiplied with the tangent plane or the closed region as the projection of z = f(x, y)
or simply outward flux of the vector field k upon the closed surface X is equal to the volume of
the divergence of k enclosed by Z. Further, the flux using the arbitrary point that can be extended
to the entire surface £ which is equal to the circulation along the closed curve 5 that encloses the
projection 9 of z = f(x, y). Simply, a linear programming problem can be created from volume
to the surface and then from the projection surface to the circulation.

On the other hand, for the numerical data having more data points, for sake of ease, the method
of cubic spline interpolation is considered optimal. A polynomial of higher degree can be written
as the product of linear and quadratic polynomials in a complex plane by fundamental theorem
of algebra. So, a linear 2" order partial differential equation can be seen as two 2" order
ordinary differential equations by fixing each argument of one variable as constant and solve the
equation for the 2" variable. So, to solve a 2" order differential equation that has two implicit
variables t and s, one can apply a Green’s function and solve it. The action is suitable to both the
explicit variables x and y, equating the solutions of both the differential equations at each case,
we can get the generalization that represents the required integral surface.

Key words: 2" order linear partial differential operator, Outward flux, volume integral, Gauss
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Introduction:

The construction of a partial differential equation L(z) = f(x,y,z, w, ) from the two integral
curve as the intersection of surfaces 9t; and 9, is

L(2) = x1(,Y)Zxx + X2(X,¥)Zxy + X3(X,¥)Zyy, .0 =z, =z, and this equation can be
transformed into the three canonical forms [7] depending on the discriminant

X22 — 4x1x3 > 0,= 0,< 0 respectively of y;4% + y,A+ y3 =0

...... 0.1
In particular, the tangent line of intersection of the tangent planes to 9t; and 9t, having the point
of contact along the integral curve has the directional cosines proportional to 9t; X 9,. ...... 0.2

When 9t; or 9t, is replace by the differential operator V, then the point of contact will be the
point on the tangent surface to the integral surface of the intersecting surfaces 9t; and 9t,. So, the
tangent element or the plane element formedas Vx %, andvx%, ... 0.3
Under the application of the Gauss divergence theorem, results in the volume of the integral
surfaces when the integral surface formed by (0.3) is a closed region 9t enclosed by the surface
. In each case of the canonical form, the 2" order linear partial differential equation can be
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written as the 2" order ordinary differential equation by fixing either x or y in each of their
respective arguments as in the case of numerical integration. ... 0.4
Now the 2" order linear ordinary differential equation has the internal variables s and t such that
the cases s< t and s>t which is solved using the Green’s function twice by considering y as
constant once and x as constant in the 2" case. One additional parameter can be taken and solved
to see that the Green’s function suitable to the actual partial differential equation is one and the
same in both the cases of y as constant and x as constant after finding the particular integral.

Through this, the arbitrary point on the surface P(&,n) equation is identified and now the Gauss
divergence theorem is applied to find the volume of the closed region enclosed by the surface
through P(¢,m). 0.6

1. Fitting green’s function to solve homogeneous BVP:

Let the solution of the linear partial differential equation is the closed surface or integral surface
z = f(x,y) is written for each case [7]of y, ¢ <y < d, the independent variable x is a
continuous variable in a < x < b. So, the cross section of the surface z = f(x,y) isy = y,,z =
f(x,y,) which is a curve parallel to XZ — plane in the Euclidean space R3. Taking the implicit
variables a < t,s < b for x for the verification of saddle points at some stage between a and b
where conditions t < s &t > s is used to include the [13] Green’s function I7. The particular
case y = y; makes the linear partial differential equation L{(J;z,")" + 1z,} + f1(x) = 0 where

Zy = g—i with the boundary conditions a;,z(a) + a;,z'(a) = 0 ; a;32(b) + a4z’ (b) =0

that are satisfied by the definition at the arbitrary point
Gl(tl S)JL(Hl) = 0 ) t< SI}

P(&n),a<é(t) <bc<n()<dt=sisli(ts) = {Hz(t,s),l’(ﬂz) —0.t>s
The purpose of the Green’s function I (¢, s) in this discussion is finding {(¢t) = f(&(t),n(t)) .

For this, it is created that there is a jump discontinuity at ¢(&(t),n(t)) for the continuous partial
derivative of z = {(t) = I;(t,s) and to remove the discontinuity, the boundary conditions will
be used as follows.

When y = y,, the given linear partial differential equation has already become the ordinary
linear differential equation that has the implicit variable t compared with s which seem to be
(1.1) given in the explanation with the boundary conditions (1.2) and (1.3). While (1.1) is an
ordinary 2" order linear homogeneous boundary value problem, let its independent solutions be

_(Bix(0),t < S}
x1(t) and x,(t) such that I; (¢, s) = {32x2(t), e>sy e 1.4
B4, B, are constants chosen such that
Bzxz (t) - ﬁlxl(t) = 0 att = S, and ﬁzle(s) - ,lell(s) = S:(ls) ...... 1.5

Since L(I;) =0 forall a < x < b wheret <sandt>sholds and further at t = s, (1.4) and (1.5)
hold.

Keeping this in view, homogeneous (1.1) will become 0 = (F;x,") x; — (F1x,") x;
= 31W(x1,x2) and '\(\Sl * O
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From this, x1(s)x,(s) — x53(5)x.(s) = SL(S) for some constant ¢~ ... 1.6
1
(1.5) and (1.6) together give B, = %(S) and B, = %(S) ...... 1.7
Now, the required Green’s function (1.4) that satisfies the homogenous ordinary linear
—x2(s)x1(t)
) ) ) ) — , LSS
differential equation for y = y, is I[;(t,s) = w0 1.8
¢ T

2. Extending the Green’s function to solve nonhomogeneous BVP:

Let us extend the solution of the homogeneous ordinary linear differential equation to the non —
homogeneous equation (1.1), suppose I3 (t,s) = x,I;(t, s) is the solution of (1.1).  ...... 2.1

Then, {(31(1“11)’)' + /11“11} = —f(x,y,) and y, is a constant.

Multiplying the Green’s function on both sides and integrating between the boundary conditions,

It gives the particular integral I;(t,s) = f:f(x, yo L(t,s)ds . 2.2
Therefore, the general solution of the non homogeneous linear partial differential equation (1.1)
isz(x(t),y,) =Lt s)+ LY (,s) 23

For an arbitrary y = y;, ¢ < y;(t) < d, (2.3) becomes z(x(t),y;) = [1(t,s) + I, '(t,s)

...... 2.4
By mimicking the above argument by fixing x as x = x;, a < x;(t) < d, the linear ordinary non
homogeneous differential equation {(SZ LY + AI’Zl} =—f(xyy) 2.5
is Z(xi,y(t)) =Lt s)+LY,s) 2.6

While z = f(x,y) is the closed surface or region X enclosed by a curve ¥ and so, the Green’s
theorem results in

{(3121’)' + ﬂZl} + fl (x) =0 Where Z] = Z_)ZC ...... 3.1
The boundary conditions a,,z(a) + ay5z'(a)=0 .. 3.2
(X13Z(b) + a14Z,(b) = 0 ...... 3.3

(2.4)}

The function I" (t, s): [a, b] X [a, b] = [h, k] where h < z < k is satisfied by I'(t,s) = {(2 6)

This is even though the scalar valued function, through the use of the variables t and s, treat this
as a vector valued function defined at the arbitrary point or particle at z(x,y) < {(&,7n) in the
mass of the volume and the surface is [10] z(x, y) = {(¢,7n).

z(ty, S)= f: I (t1,8)f (x, y;)ds where t; and y; are continuous variables. ... 3.5
z(t,, S)= fcd I(tz,s)f (xj,y)ds where t, and x; are continuous variables. ... 3.6

In view of [6], (3.5), (1.4) result in
[2]p = 2{[R] + [B1} - [} T'(Spdx — 3ydy) =3 [ B (D) (i dy — Fxd)
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— [y ©) (Gwdx — Lydy) + [ (Pfdxdy)y L 37
Similarly, (3.6) and (1.4) result in the same surface of z at P.

Isolating [z]p, from this by applying Gauss — divergence theorem[14], it gives
(2]p = L] + [B]} = [ [(Spdx — S1dy) =3 [ Bixi(6) (i dy — [d2)

1
—Ej)/ij(t)(szdx — Iydy) + ff (V'VKdV)m
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